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1

The formalism

1.1 The Hilbert space

The basic concept in quantum mechanics is the Hilbert space. Mathematically, it
is a complex vector space whose elements (the vectors) describe different config-
urations of the system we are studying. We will use the bra-ket notation of Dirac
in which the elements of the Hilbert space are written as |a). From mathematics
we know the properties of complex vector spaces. In a complex vector space we
may add elements and get a new element

@) +18) = 17) (1.1)

and the addition is associative
(la) +18)) + 1v) = la) + (18) + 1)) (12)
as well as commutative
@) +18) = [B) + |e) (1.3)
There also exists a distinguished element |null) called the null ket which satisfies
|a) + [null) = |a) (1.4)

We may multiply an element with a complex number and and get a new element
although physically these two elements represents the same physical configura-
tion. The multiplication satisfies the distributive laws

a(la) +18)) = ale) + alB) (1.5)
(a+b)|a) = ala) + bla) (1.6)
and the consistency conditions
a (bley) = (ab)|a) (1.7)
1la) = |a) (1.8)
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A Hilbert space also comes equipped with an inner product (-,-), a linear map
H x H — C satisfying

(1) (| [e)) = 0,with (|a),[a)) =0 = |a) =0 (19)
(i) (la),18) + 7)) = (la),18)) + (la), [v) (1.10)
(#ii) (|}, alB)) = a(|e)|B)) (1.11)
(iv) (|e);18)) = (18), 1)) (1.12)

Notice that property (iv) implies that (a|a), |5)) = a*(|a), |3)).

The thing that sets a Hilbert space apart from an ordinary complex vector space
is that it can be infinite dimensional which brings in some new features. To make
things well defined one imposes one more condition requiring the space to be
complete

() o)} € H. lim_(Jan) = |om). an) = am)) =0 = (113
dla) € H S.t.nli_{gloﬂan) —|a), |lom) —|a)) =0 (1.14)

However, in most applications the intuition we have for finite dimensional com-
plex vector spaces is good enough.

1.2 Operators on the Hilbert space

Physical observables are represented as operators on the Hilbert space H. That is
linear maps from the Hilbert space to itself

A:H—H (1.15)

Linearity is imposed to preserve the defining properties of the vector space dis-
cussed above. In particular

A(le) +18)) = Ala) + A|B) (1.16)
Aala) = aAla) (1.17)

Usually an operators maps a state to a different state so it acts differently than
just multiplication with complex numbers. However, for any operator, there are
particular important states where the operator acts in precisely this way

Ala) = ala) (1.18)

The state |a) is called an eigenstate of the operator A and the complex value a is
called an eigenvalue of the operator A.
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1.3 The dual vector space
Remember that our Hilbert space comes equipped with an inner product
():HxH-—C (1.19)

where (o), |a)) > 0 with equality only if the element is the null-ket. As adver-
ticed we have the usual linearity conditions

(I, [8) + 7)) = (I, 18)) + (le), 17)) (1.20)
(le), b]B)) = b(ler), [B)) (1.21)

but also the condition
(la),18)) = [(18), |en)]” (1.22)

Notice that the last condition implies that the inner product is sesquilinear in the
first argument

(ala) +018), 1) = a*(la), |v) +b°(18), 7)) (1.23)

Using the inner product we may define the dual vector space H*. Following Dirac
we will write elements of the dual Hilbert space as bra-states («| and the inner
product defines a sequilinear map H — H*

ala) +0]8) — (ale) +0[B), ) = o™ (o] + (3] (1.24)

The elements of H* can be thought of as linear transformations H — C which
in Dirac’s notation is written

(af : 18) = (alB) = (|a),[8)) € C (1.25)

When we have the inner product at our disposal we may that two states |a) and
|3) are orthogonal if and only if («|3) = 0. We may also normalize an arbitrary
state since

&) = <<1> ) = (ala) = 1 (1.26)

ala)

Through the inner product we immediately get the definition of the adjoint of
an operator

(la), A1) = (AT|a),15)) (1.27)

we call AT the Hermitean adjoint of A. By insisting that

(@|(A]B)) = ((alA)|B) (1.28)
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we may define how operators act to the left on the dual Hilbert space, namely
(oA = (ATla), ) (1.29)

We have defined the inner product of two states in the Hilbert space. There
is one more possibility to combine these states that makes sense. We define the

outer product of two states as |«)(f|. This is to be interpreted as an operator on
H such that

) (B = [v) — [a) @;@ (1.30)

eC

1.4 Basis

Let us assume that there exists a basis in our Hilbert space!. That is a set of states
In) such that any state can be written as a linear combination of them. If the basis
is orthonormal it means that (m[n) = 4, . Then for an arbitrary state o) we
have

) =Y caln) (1.31)

n

where the ¢, is an infinte set of complex numbers. It is straightforward to verify
that ¢, = (n|a). By rewriting this and using the outer product notation we see
that

ja) = [n){nja) = (Z !n><nl) @) (1.32)

Since |«v) is an arbitrary state we see that I = >, In)(n] is an operator that maps
any state to itself, i.e. the identity operator. This innocent fact is extremely useful
and we will use it again and again. For instance if we have an operator A acting
on a state |a) we are free to insert identity operators

Ala) = TAIla) =) " |m)(m|A[n)(n|a) (1.33)

We know that (n|a) = ¢,, € C, the expansion coefficient for the state |a) in the
basis |n). If we also define A,,,, = (m|A|n) € C we may write the relation as

Aloy =Y T m) Apnen = Y [m)dp, (1.34)

We interpret this as saying that the result of A acting on |«) is a state with expan-
sion coefficients d,,, in the basis |m) where d,, = >, Anc,. That means that

L This is in fact a theorem, in every Hilbert space there exists a (possibly infinite) orthonormal basis.
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if we from the beginning decide to express all states in the basis |m) we can for-
get about it and just use the expansion coefficients to define the states. Using this
convention an operator is represented as an (infinite dimensional) matrix A,
and it acts on the state ¢, through (infinite dimensional) matrix multiplication.
Using the orthonormal basis and the identity operator we have found a matrix
representation of the operators on our Hilbert space. In the basis |n) the operator
itself is written as

A=TAI =" |m)Apn(n] (1.35)
The product of two operators can then be written
AB = TAIBI = Z |m) Ay B (K| (1.36)
m,n,k

so that also operator products are written in terms of matrix multiplication
Since the map («| = (|a), -) is sesquilinear we find that

= ch|n> — (Z cpln), ) = ZcZ(n\ (1.37)

so the dual state has complex conjugated matrix elements. To find how the Her-
mitean adjoint is expressed in this representation we introduce an additional
arbitrary state [o/) = Y, ¢,|n) and use that Ala) = 3, |n)d, where d, =
> AnmCm. Then

(alAT|a) = (ja), AT|a)) = (A]a), ') =

(Z de),ZcMn Zd o (min) = Zd:;c’n (1.38)

n

Since d} = > ¢ A, we may write

moomTTnm

(a) At|a) Zcm mCn, Zc (AN nc, (1.39)

and we see that the Hilbert space Hermitean adjoint formally coincide with the
matrix definition of Hermitean conjugation.

1.5 Change of basis

There may be several choices of basis. Assume that both {|a)} and {|b)} are sets
of orthonormal basis vectors. We may construct an operator U that takes us from
one basis to the other

Ulax) = |by) (1.40)
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Clearly U = >k Ibk) (ak|. Since Ut = >k lak) (bi| we find that U is a unitary
operator

UTT = Jai) (bicfbi) e = > o) (aue| = T (1.41)

k.l k

The matrix elements of U are given by
<ak‘U|a1> = Z(ak|bi) <ai|a1) = <ak]b1> (1.42)

Matrix multiplication with U now gives the relation between the expansion co-
efficients in the different basis

(biclar) = (biclTla) = (biclan) () = > (U |an) () (1.43)
l l
Similary the matrix element of an operator changes as

(bi| Albr) = (b IAL|br) = Y (bilam) (am|Alan) (an|b1) =

m,n

> (a5l U am) (| Alaw) (an|Ufar) - (1.44)

m,n
In pure matrix notation we would write

d=U'c (1.45)

A =UTAU (1.46)

From this we understand that unitary operators are associated with changes in

the way we describe the system (change of basis) but not in the physics itself. In

particular, an operator and its unitary transform have the same eigenvalues. For
instance if

Ala) = o) (1.47)

Then the operator UT AU has an eigenvector U f|a) with exactly the same eigen-
value

(UTAff) Ufla) = UTAJa) = a U] (1.48)

1.6 Continous spectra

A useful way to find a good basis is to use the set of eigenvectors of a Hermitean
operator (or a set of commuting Hermitean operators). Since Hermitean opera-
tors correspond to physical observables one is guaranteed to find a basis that will
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suffice to describe the system at hand. However, up until now we have assumed
that the operators have a descreet spectrum and that the basis is at most count-
ably infinite. Unfortunately some of the most important operators do not have
this property. For instance the position operator & has a continuous spectrum in
most cases (corrsponding to the fact that we may find the particle anywhere in
the system)

Z|x) = z|x) zeR (1.49)

It is a remarkable fact that the formalism we developed in the previous situation
can be generalized in an intuitive way

(mn) = dpmn — (xfx') = 6(z —2') (1.50)

S nyn) = F - /d:c]x) x| = I (1.51)
= " In)ala) = o) = [ delx) (xle) (15
(8la) = > (8ln) la) = (3le) = [ do(Bba) sy

n
cn = (n|a) — ce(x) = (x|a) (1.54)
(m|An) — (x|A[x) (1.55)
Notice how row and column vectors become functions and matrixes become de-

pendent on two continous variables. The continous variable could be thought of
as a "continous matrix index".

1.7 Position and translation
Let us look at the eigenstates of the position operator (in one dimension for sim-
plicity) & a bit more closely

&[x) = z|x) (1.56)

The eigenstate represents a system with a particle being localized at precisely po-
sition . Let us define an operator 7 (Az) that changes the state |x) to [x + Ax) =

T (Az)[x). We call T the translation operator. To find how 7 acts on an arbitrary
state we can expand it in the position state basis

T(Az)|a) = (Aa:)/da?|x><x|a> :/d.’L"X+AX><X‘Oé> (1.57)
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The integration variable z is a "dummy variable" since we can always change the
integration variable © — 2’ — Ax without changing the result

/ dafx + Ax) (x|a) = / da'[¥) (' — Ax|a) (1.58)
Thus we find that
(x| T(Az)]a) = / ' () — Axla) = (¢ — Axla)  (1.59)
From this we see that
x|T(Az) = (x — Ax| (1.60)
implying that
THAz)[x) = |x — Ax) (1.61)

soif 7 translates a distance to the right, T translate the same distance to the left.
In particular, operating by 7 followed by 7 takes you back to the initial state

THAZ)T (Az) = T(Az)TH(Az) =T (1.62)

In other words, 7 is a unitary operator. Furthermore, it is natural to expect that
when we take Az smoothely to zero, the translation operator smoothely ap-
proaches the unity operator

dim T(Az) =1 (1.63)

This means that we should be able to Taylor expand the operator for small values
of Ax

T(Az) = I —iKAz 4+ O(Az?) (1.64)
Since to this order
THAZ)T (Az) ~ (I +iKTAz)(I —iKAz) ~ I +i(KT — K)Az (1.65)

we see that unitarity implies that K is hermitean KT = K. From this also follows

T(Az)T(AZ') = T(Az + Az') (1.66)

Finally, we know that
FT(Az)|x) = &x + Ax) = (z + Az)|x 4+ Ax) (1.67)
T(Az)i]x) = 2T (Az)[x) = z|x + Ax) (1.68)

so that

[, T(Az)]|x) = Az|x + Ax) ~ Az|x) (1.69)
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so that
(2, T(Az)] = Ax (1.70)
If we use the infinitesimal form, we find
(2,1 —iKAz] = —i[&, K]Az = Az (1.71)
so that finally we have to require
[#, K] =i (1.72)

since we know that [%,p] = il we can solve this by choosing K = % giving us
the form of the infinitesimal translation operator as

i
T(Az)=1-— ﬁﬁAa: (1.73)
If we would like to translate a finite distance L, we have to do this by splitting
the interval into infinitesimal pieces and then use the infinitesimal translation
operator in each piece. For instance we may split the interval into N pieces so
that Az = % Then the translation operator can be written as
. N
N i L iT
T(L)=lim (1—-—-2=p|] =enl? 1.74
( ) N—o00 h Np ( )

using a well known form of the exponential function.

1.8 More on the continous basis

Expanding an arbitrary state |«) in terms of the position basis gives

) = / dar|x) (x]a) (1.75)

where the expansion coefficient (x|«) is called the wavefunction. As usual, the
interpretation of the absolute square of the expansion coefficient is the probability
to find the system in this particular state. Because of the continous nature of the
states, we have to interpret this as the probability density so that |(x|a)|?dx is the
probability to find the particle in the interval (z, z + dz).

If we have an alternative descreet basis, we may expand the wave function as

(o) = (xIn)(mla) =) cpun() (1.76)

where ¢,, are the expansion coefficients in the basis |n) and u,(z) are the new
basis states in the continous state representation.
It is interesting to examine how operators are represented in the continous
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basis. For instance, since we know that p is the generator of translations we can

write
i 0
(x|(1— ﬁpA:r)]oQ = (x — Ax|a) = (x|a) — Ax%<x|a> (1.77)
which means
i o 0
ﬁAx(x\p|oz> = Ax%@(\a) (1.78)
implying
x|pla) = —ih2 (x]ar) (1.79)
e = Oz '

so that in the continous representation, the states are represented as functions and
the operators are represented as differential operators on the space of functions.

1.9 Momentum

There are other physically important operators with continous spectrum. For in-
stance the momentum operator p is such an operator. We therefore have the eigen-
states of p|p) = p|p) as an alternative basis. Similarly to the position state basis,
we can expand any state as

o) = /dplp> (ple) (1.80)

The expansion coefficient (p|«) is the momentum space wave function. Following
exactly the same logic as in the case of the coordinate space basis, one may show
that

en 7% |p) = |p + Ap) (1.81)

so that & becomes the generator of translations in momentum space. Completely
analogously we also show

(pli]a) = ih§p<pa> (1.82)

so that in the momentum space representation it is p that is represented as a simple
multiplicative operator while & is represented as a differential operator.

Particularly important is the transition from the coordinate basis to the momen-
tum basis and back. For instance, given the expansion coefficient in the coordinate
space basis we may insert the unity operator to get

(x|a) = /dp<><!p> (pla) (1.83)
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to be able to explicitly perform this integral, we need to find an explicit expression
for (x|p). This can be done by evaluating (x|p|p) in two different ways. First we
use that |p) is the eigenket for p

(x|plp) = p(x|p) (1.84)

On the other hand, we know that for any state |a)) we have

(xlplo) = ~ih - (xla) (1.85)
so that
(xIplp) = —ih-2- (x]p) (1.86)
ox

Then we get a differential equation for the function (x|p)

—ih(fi (x|p) = p(x[p) (1.87)
with the solution
(x|p) = Ner®P (1.88)

where the proportionality constant N has to be calculated by requirering that
the wavefunction is normalized where however the word normalized has to be
understood properly. In the case of a continous basis the basis states satisfy

x|x') = 6(z — ) (1.89)

so putting x = 2’ gives infinity instead of 1. But this tells us that

5z —a') = / dp(x|p) (plx') = [N / dpet?r=*") = 2| N 25 (x — (1.90)

using one of the representations of the Dirac delta function. This means that
(xlp) = L oier (1.91)
V2rh

1.10 The density operator

Alternatively we may encode the configurations of a system, not using the Hilbert
space itself but by using the space of operators on the Hilbert space. This way of
encoding the physics is even more powerful than just using states in the Hilbert
space as we will see shortly. This is done using a so called density operator p.
A general density operator is a self-adjoint operator of trace one acting on the
Hilbert space of the system which is also positive semi-definite. In other words
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o« p=>p

e Tr(p)=1

whose eigenvalues are all real (because of Hermiticity) and greater or equal than
Zero.

Any state |1)) in the Hilbert space gives rise to such an operator since p =
|1)(1)| fulfils all the requirements. On top of that it is also a projection operator
meaning that p> = p. Any density operator of this type will be called a pure
density operator. It is a theorem that for any pure density operator p there is a
state |x,) such that p = |x,)(x,| so the mapping goes both ways.

To calculate the expectation value of any operator O fora system described by
a pure density operator p = [1))(1)| we use the trace since

(@|O) = “(n)n|Olyp) = " (n|Of)w|n) = (1.92)
Tr (@wxw) _ (@,a) (1.93)

Any trasformation of the system, performed by acting on the Hilbert space with
a unitary operator U can be transferred to the density operator by

p— UpUt =Up0! (1.94)

1.10.1 Mixed density operators

If the density operator is not pure 5 # p, then there is no such state and the den-
sity operator does not represent a concrete quantum state of the system. Rather it
represents a statistical ensemble where different quantum states are represented
with different probability. In such a case the system is said to be in a mixed state
and the density matrix is called a mixed density operator. Any mixed density op-
erator can be written as

ﬁZE:MWM%! (1.95)

which means that the expectation value of any operator in a system represented
by this density operator is

<@=ﬁmw=§)mwwm> (1.96)

To see the difference between pure and mixed density operators we consider a
scattering experiment where we are shooting electrons at a target. If the scattering
is sensitive to the wether the electron spin is up or down we can have two situa-
tions. Either the electrons are all in the same quantum state, |¢)) = % (1 +14)
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with the density operator

o= 3 (1) 110) (40 + A1) = 5 IR+ 1+ LU+ ) (1.99)

The probability to measure spin up or spin down is 50 %. The second option is
that half of the electrons coming are randomly in the state |1) and half are in the
state |}) and now the density matrix is

pm = (X + 114D (199

Again the probability of measuring spin up or spin down is 50 % but the physics
is different. The outcome of the scattering experiment is different in the two cases
so the situations are clearly different but we can only describe the first case by a
state in the Hilbert space. Notice that p?o = pp whereas P2 = % Pm-

Another situation where a mixed density matrix may arise is in a system where
we lack information. Imagine that our system consists of two subsystems so that
the Hilbert space is the tensor product of the Hilbert spaces of the subsystems.
Concretely we may think of each system consisting of a spin (a qubit) such that
the Hilbert space of the first system is

Ha = span{[})a,[1)a} (1.99)
and similarly we have the Hilbert space of the second system
Hp = span{l})p; 1) 5} (1.100)

The full system consists of two qubits so that the Hilbert space is the tensor prod-
uct of the individual Hilbert spaces

W=, Hy = (1.101)
span{[1)a @ 1) B, [Na @[V B, [)a® 1) e, 1)a® )5} (1.102)

There are many pure states in which we may find the system. For instance, the
spin of both particles may be up corresponding to the state [1) ® |1) which corre-
sponds to a density operator p = ()4 & [1)5) (T4 @ (Hz) = [1)(Ha @ [1)T]5
where we have introduced the tensor product also in the space of operators. A
more interesting case is if the subsystems are entangled. For instance, in the pure
state % (IMNa®@Ms+ [1)a ® |L)5) we know with certainty that if we measure
the spin of system A, system B will have the same value, the systems are entangled.
This state corresponds to a density operator

p= 5 (1XH1a ® )5 + 142 © 1)U+ (1.109)
14 ® W5 + 11X @ 4X05) (1.104)
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Assume that we only have access to system A and that system B is hidden to us.
Then the operators we can work with are of the form O4® 1 where the operator
action on system B is a unit operator since we have no way of interacting with
system B. The expectation value of such an operator is

(Op@1p) =Tr (OA®fB ;3) (1.105)

If we assume a basis |m) for H 4 and a basis |n’) for H g we can choose a basis for
the whole system as |m) ® |n’) and the trace can be performed as

(O4 @ Ip) = ZZ (ml @ (o) (Oa@Ip p) (jm)@ o)) = (1.106)

> (m|O4 <Z<n’]ﬁ|n/>> Im) (1.107)

m n’

Here we can define the partial trace Trp which takes an operator on H4 ® Hp
to an operator on H 4 by summing over the degrees of freedom of the subsystem
B only

Trp (p) = > _(0'|pj) (1.108)

which means that we can finally write

(@A & jB) =Try [@ATI‘B {ﬁ}:| (1.109)

System A can therefore be described by an effective density operator 4 = Trp (p)
since (O4) = Tra (Oapa).
We may now illustrate this on the spin system discussed previously. If the full

system is in the pure state |1) 4 ® |1) p with a density matrix p = |T)(T|4 @ [TXT|5B
we perform the partial trace

pa=Tep (5) = (M + Uall) s = (1110)
1)t x (LY )5 + 1A x (MM E Y )5 = [A)(H]a (1112)

which is a pure density matrix corresponding to the state |1) 4. If we instead as-
sume that the original system is in the entangled state [1) 4 ® [T 5+ [{) A ® [{)B
then the partial trace gives a more interesting result

pa= TrB (0) = (Mo s + Lol B = (1.112)

3 HT><T\A X (NI B} 1B + [ a < I B} 1) BH1.113)
¢><T\A x (NI Y 1B + A < (BT ) B] = (1.114)
HT><T\A + [ 4] (1.115)

N
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Notice that although p was pure, p4 is not. This is the best description we can
have of system A when we have no information from system B.

1.10.2 Entropy of a density operator

As we see, the density operator knows about how much information we have
about a system. Therefore one might suspect that there is a notion of entropy
that can be defined in terms of the density operator. In fact, for the general density
operator of the form

p=">_ pilt)asl (1.116)

we may define the entropy as

S(p) =— Zpi In(p;) (1.117)

For any pure density operator, p = [¢)(1| and S = 0. For a mixed density op-
erator, the entropy is always greater than one with the maximum value of In N
where N is the dimension of the Hilbert space. For instance, the density operator
p= 5 [N)(] + [L)] the entropy is

1 1 1 1
=——In-——-ln-=In?2 1.11
S 2112 2112 n ( 8)

so it corresponds to a maximally mixed state.

1.10.3 The Bloch sphere

For two dimensional quantum systems (qubits) we can have a particularly nice
geometric description of the density operator. A general density operator can be
represented as a Hermitean matrix and in two dimensions all Hermitean matrices
can be written as a linear combination of the Pauli matrices and the unit matrix

p = apl + a;jo’ (1.119)

Since the Pauli matrixes are all traceless Trp = 2ag so for p to represent a density
operator we must choose ag = % Furthermore we need p to be positive semi
definite. To investigate this we calculate the eigenvalues of p which leads to

1
pzii\/a%+a%+a§ (1.120)

which tells us that only values a? + a3 + a3 < i give representations of density
operators. So the space of density operators can be geometrically given as a ball
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with radius % Most of them represent mixed density operators, only the values
on the surface of the ball, a? + a3 + a3 = 1, when one eigenvalue is zero, rep-
resent pure operators. The center, a; = ag = a3z = 0 gives the maximally mixed
operator.

We may also calculate the entropy of an arbitrary operator using a to denote
the distance from the center for notational simplicity

S = —(% +a) ln(% +a)— (% —a) ln(% —a) (1.121)

This is a function which is zero on the boundary of the sphere a = % and mono-
tonically increases to the value In2 at the center of the sphere as can be seen
on the graph so in fact there are infinitely many density operators representing

S(a)
0.7

0.6
0.5 -
0.4
0.3
0.2

0.1+

0.1 0.2 0.3 0.4 0.5

Figure 1.1 Entropy of states in the Bloch sphere

systems with various degrees of mixing with only a tiny part representing pure
systems.

Exercise 1

1. Inatwo dimensional Hilbert space with basis {|1), |2) } what is the matrix
representation of the operator A = [1)(2|?

2. Show that a product of unitary operators is unitary.

3. Show that Unitary operators preserve the inner product between the states
they act on.
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What is the Hermitean conjugate of an operator A = |o)(|?

5. Define the trace of an operator by using an orthonormal basis |n) as

10.
11.
12.
13.

14.

Tr(A) = (n[AJn). (1.122)

n

Show that the definition is independent of the choice of basis by intro-
ducing a different orthonormal basis |n’) and using that both sets of basis
vectors are complete.

If {|n)} and {|n) } are two different sets of orthonormal basis vectors. We
may define the operator

U= [n)n (1.123)

which maps a state |n) in the first basis to a state |n’) in the second basis.
Show that U is a unitary operator.

Show that the eigenvalues of a unitary operator are complex numbers of
unit modulus.

. Show that the eigenvectors of a unitary operator are mutually orthogonal

(if no degeneracy).
Show that cyclicity of the trace holds Tr(AB) = Tr(BA).

Show that Tr([¢)(x|) = (x|¢)-
Show that ([y)(x|)T = [x}¥|-
By using the sesquilinearity of (-, -), show that (|¢), |x)) = (|x), [¥))*

In a space with three basis vectors {|1), |2), |3)} we define an operator R
according to its action on the basis states as

RI1)=12) R2)=—[1) Rj3)=3) (1.124)

What is the matrix representative of this operator? If we have a state ) =
a|l) 4+ b|2) 4 ¢|3), what is its matrix representative? How does the matrix
representative of R act on the matrix representative of [1))?

Consider the operator D = —i%, defined on the space of differentiable
functions of = on the interval ¢ < x < b with the inner product defined as
(f(x),9(z)) = ff dx f*(x)g(x). We may define various subspaces of the
space of differentiable functions by imposing boundary conditions.

e What are the boundary conditions that one have to impose to make D
hermitian?

e What are the eigenfunctions and eigenvalues for the operator D?
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15.

16.

17.

The formalism

e Are the eigenfunctions part of the space on which we define D? For
what boundary conditions are the eigenfunctions part of the space on
which D is defined?

e What if ¢ = —oo and b = 00?

What boundary conditions must be imposed on the functions { f(Z)} de-
fined in some finite or infinite volume of space in order for the Laplace
operator A = V? to be Hermitian?

Suppose that we compose a system of the two subsystems A and B. Assume
that the system is in the state |a) ® |b) where |a) and |b) are pure states
of systems A and B respectively. Show that the reduced density operator
of system A is pure.

Assume that a two state system with orthonormal basis states |0) and |1)
is described by the density operator

.3 1
p = 710X0] + Z]1X1] (1.125)
Define the states
V3 1
V3 1
b) = <-10) = 511 (1.127)

and show that the density operator
. 1 1
§ = la)al + 5 b)b] (1128)

is actually equal to p. This shows that inequivalent systems can have the
same density operator. Why is 5’ not maximally mixed although it looks
like it?



2
Propagators and Path integrals

2.1 Time evolution in Quantum mechanics

Time evolution in quantum mechanics is given by the Schrédinger equation

A 0
H|) = it |o). (2.1)

The way we are used to solve this is to find a basis of eigenstates of the Hamilto-
nian, i.e. to solve the equation

H|ypn) = Ep|tn). (2.2)
Each of these states evolve very simply with time since
L, 0 A
i 1) = H1) = Enlin), (23)
so that
[in(£)) = €™ # 5 [gn). (2.4)

Since [y, ) is a complete basis, we can express any wave function as a linear com-
bination of the |1),,) states

) = enlthn), (2.5)

and since we know how each of the basis states evolve in time, we know the full
time evolution

() = ene 7B uy). (2.6)

This method is not always possible to use however. For instance, if the Hamilto-
nian itself H (t) depends on time we cannot solve equation (2.2) and we will have
to find a different method. It is also possible that this method does not give the



22 Propagators and Path integrals

simplest description of time evolution. For instance if the initial wave function is
very different from the base states.

Let us now look for a more general solution to (2.1). Infinitesimally we may
write it as

[t + At)) — [¢(t))
At

H(t)|w(t)) = ih : (2.7)

Or, turning it around

1

(4 ALY = [(8)) — ﬁ(tmt) (). @8)

S

(1) Atl(t)) = (1 -

St |

We see that we may define an operator

~

Ut + At t) =1 — %fl(t)m, (2.9)

which evolves arbitrary wave functions from time ¢ to time ¢t + At. Notice that
the only approximation we made was to assume that the time increment was
infinitesimal. In particular, the Hamiltonian was arbitrary. We can observe that
lim U(t+ At,t) =1 2.10
Jlim U(t+ A1) = 1, (2.10)
so that the time evolution is continuous. We also see that U is a unitary operator.
That is, UTU = UUT = 1 (to lowest order in At). This has to be since we do not
want that probability density is lost in the time evolution (that is, independently
of what the physical situation is and what the particle does, the probability of

finding it anywhere in space should always be one). Mathematically we write this
as

1= (gt + At)[(t + At)) = ((0)[UTU (1)) (2.11)

We can rewrite U in such a way that the unitarity becomes manifest. Namely, for
the infinitesimal time evolution we have

Ult+ At,t) =1 — %f](t)At ~ e i HDAL (2.12)
This is manifestly unitary since H is hermitian. This we will take as the defini-
tion of the infinitesimal time evolution operator. To be able to handle arbitrary
time evolutions we will use that any arbitrary time interval can be divided into
infinitesimal pieces. We therefore define the arbitrary time evolution operator
U(t',t) by dividing the time interval ¢ — ¢ into N pieces. Letting N go to in-
finity makes the intervals arbitrarily small so in each interval the time evolution
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operator can be taken in its infinitesimal form. Thus we get:

U, t)= lim U, tn_1)U(tn-1,tn—2)...Ulta, t))U(t1,1), (2.13)

N—o0

t—t.
ti:t—FTl,

and this is the most general definition of the time evolution operator. It works for
arbitrary Hamiltonians and in the following we will evaluate it in various special
cases where it simplifies.

The problem of taking the product in (2.13) is the fact that the H operator
appearing in each U is taken at a different time. If the Hamiltonians at different
times do not commute we cannot perform the product of the U operators in a
simple form. A good exercise to see why this is so is to try to derive the Baker-
Campbell-Hausdorff formula for two operators Aand B

A B _ JA+B+5[AB]+15[A[AB]|+ 55 [[AB]B]+... (2.14)

Only in the special case where the Hamiltonians at different times commute with
themselves can we simplify the expression (2.13) for U as follows

U(t’,t): lim e—%ﬁ(tN,l)At—%f[(tN,g)At—...—%ﬁ(tl)At—%ﬁ(t)At
N—o0

_ i J as (s (2.15)

This is such a nice and compact form that one would like to use it for the general
case. This we can do if we define a new operator 1 called the time ordering oper-
ator. T acting on a product of operators always reorders them so that operators
evaluated at earlier times stands to the right of operators evaluated at later times.
Using T we can write the general expression for U as

Ut t)=T [eéftt ds ﬁ(s)} : (2.16)

The appearance of 7" [*] in this expression tells us that we have to write U in such
a way that all operators taken at earlier times are written to the right of operators
at later times, just as is manifestly done in the original definition (2.13).

2.2 The propagator

Now let us try to use the time evolution operator in some specific cases. The wave
function at arbitrary time ¢ is given by

() = Ut t)|(t)) (2.17)
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In coordinate representation this looks like

B, 1) = (xl(t)) = T (L ()
:/f#@mewMﬂww>

= /dSX' K(x,t;x',t") (X', 1), (2.18)

where we have inserted 1 in the form [ d3x’|x’)(x/| and defined the configuration
space propagator

K(x,t;x',t') = (x|U(t,t")|x'). (2.19)

The name propagator is chosen because K (x,t; x’, t') takes the wave function at
time t' and propagates it to time ¢ and space point x. It works very much like in
electrodynamics where we can use the knowledge of the potential (and its normal
derivative) on the border of a region to find the potential everywhere in this region
with the help of a Green function. In our case the border is the space time surface
at t’, the potential is the wave function and the Green function is the propagator.
We shall see later that this is no coincidence, K is indeed the Green function for
the Schrédinger operator.

In the special case where the initial wave function is completely localized at a
point, ¥ (x/, ') = 6®) (x’ — x0) we have

Y(x,t) = /dgx' K(x,t;x',t") 56 (x' —x¢) = K(x,t;x0,t"),  (2.20)

so we see that a direct physical interpretation of the propagator is that it is the
wave function of a particle which was completely localized at the initial time.

Since the propagator has the interpretation as a wave function, it has to fulfill
the Schrodinger equation. This we now prove in the special case that the Hamil-
tonian has the form

. 132
H=— X 2.21
o V() (221

First we notice that for infinitesimal At
K(x,t+ At;x' 1) = x|U(t+ At, ) |x') = x|U(t + At, )T (¢, t')|x')2.22)
Since the leftmost time evolution operator is infinitesimal, we know how to eval-

uate it

- 1

Ult+ At t) =1 — —H(t)At. (2.23)

I~
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Inserting the identity operator we have

K(x,t+ At %, 1) = /d3y (x|t~ 3 H(H)Aly) ([0 #))

= [y i1 - pEOAY) Ky 6¢,0). 220

Using the explicit form of the Hamiltonian we can compute

(XITY) = 2o (7,260 (x ) + VOO x—y). (229)
where we have use the fact that
(x[x[y) = x6P (x — y) = yo® (x — y),
(x[ply) = —ihV,0® (x - y) = ihV,6® (x - ). (2.26)

Inserting this we get
K(x,t+ At;x' 1) = /dgy O (x —y) K(y, t;x',t')
—rat [y (g (9,50 =)+ V- y) ) Kyt 20
h 2m Y T
After integrating by parts we can use the delta functions to perform the integral
K(x,t+ At; X ) = K(x,t; %', 1)
— iAt <—2fiL(Vx)2 + V(X)) K(x,t;x',t"), (2.28)

h
or, reshuffling the terms a little bit
lh / / / / h2 2 / /
Kt (K(Xat + At;X ot ) - K(X¢t;x it )) = _%(vr) + V(X) K(X¢t;x (229)

which for infinitesimal At is the same as

0

in which we recognize the Schrodinger equation as we set out to show above. We
therefore see that K (x,t;x’,t') is a solution to the Schrédinger equation with
boundary conditions

2
m%K(x,t;x’,t’) = (—;(W? + V(x)) K(x,t:x,t'),  (230)

lim K (x,t;x,¢') = 6@ (x — x). (2.31)

t—t!

If we require that the propagator should be zero if ¢ < ¢’ (there is no evolution
backwards in time) we can define it as

Kx,t;x',t") = K(x, t;x',t)O(t - t), (2.32)
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where © is a step function. This new K satisfies the equation

‘Q_A~ s ) — ~Q_A ) .
<m6t H)K(X,t,x,t)—[(lhat H)K(x,t,x,t) Ot —t)

+ K(x,t;x',t) z‘hgt@(t —t) (2.33)

=ihK(x,t;x', t)5(t = t')
= iho®) (x — x)§(t — t'),

where we used that fact that the derivative of the step function is a delta function
and that K evaluated at zero time-step is a delta function in space. This shows that
K is indeed a Green function of the Schrddinger differential operator ih% — H.

As an illustration, let us evaluate the propagator for the one dimensional free
particle. From the definition we have

K(z,t;2',t') = x|T [e_% Ji dsg(s)} X', (2.34)

where now H is the Hamiltonian for a free particle H = %. Since this Hamil-
tonian does not depend on time it commutes with itself for all times. That means
that the T operator acts trivially and that the integral in the exponential can be
written ftt/ dsH(s) = (t — t')H. Since the Hamiltonian contains f it is useful to
insert a complete set of momentum eigenstates

o0 N
K(z,t;a',t') = / dp (x|e”#1=p) (p[x)
= [ O ) ), 239
—00
and using the explicit form of the wave function (x|p) = ;ﬂhe%pz we get
oo . 2 .
K(o t:a' 1) = / B e 0 (2.36)
oo 2Th

The integral over p is not really well defined since the integrand does not fall off
for large p. It is possible to define it correctly mathematically in various ways. For
instance, we can make the integral convergent by defining

Kupew(z,t;2' 1) = lir% Koa(x,t —ie; 2’ t). (2.37)
€E—

For each non-zero e the integrand falls off like a Gaussian so the integral is con-
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vergent and gives us

K er )= [ W st bt Bt ip(e—a)
(x,t —iea',t') = ﬁe 2mAP” "R 2m T
oo 2T
_ m(ac—a:/)2 oo d 7i(t7t’)+2me . m(z—z') 2
— ¢ 2R(i(t—t))+2me) P e 2mh (p Zi(tft’)Jr?me) . (2.38)
—oo 2mh

Shifting the integration variable p gives a Gaussian integral of the type

/ dre " = \/?, (2.39)
oo a

and using this we finally have

m m(asfz/)Q

Kot ieeal 1) — CEG I (2.40
(IE; e, ) \/27Th(l(t—t,) +2m€)6 ( )

In this expression we can without worries take the limit ¢ — 0 to get the config-

uration space propagator for the one dimensional free particle
K(a,t;a/,t) = O = (2.41)
Y 2mwih(t —t) ' ’

It is interesting to try to interpret this propagator physically since we know
that K (z,t,;0,0) should be the wave function for a particle which at ¢ = 0 was
completely localized at 2z = 0. Since |K (z,;0,0)| is the same everywhere in
space it means that at any instant after £ = 0 the probability to find the particle
anywhere in space is the same!! This can be understood since in non-relativistic
physics there is no maximum velocity. When we try to localize a particle we need
to use waves of all possible momenta, even infinitely high. These wave will of
course propagate arbitrarily far in infinitesimal time giving us the above result.
In relativistic quantum mechanics the propagator is modified in such a way that
nothing can propagate faster than light so that the probability density is always
zero outside the light cone.

2.3 The propagator as a Green function

Well, if the propagator is a Green function we must be able to calculate it using
standard methods. We now illustrate this on exactly the same problem as in the
previous section, namely the configuration space propagator for the one dimen-
sional free particle. The general equation for the Green function of an operator
gives

(mgt — H) K(x,1;0,0) = ihd(2)d(t), (2.42)
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where we have put 2’ and ¢’ to zero without loss of generality. In our case we have

to choose the Hamiltonian H = — h;zg so we have
hQ 2
(z‘hgt + 2:;”) K(z,t;0,0) = tho(z)o(t). (2.43)

Such equations are very nicely solved using Fourier transforms. Namely, write
the Fourier transform of K (z,t) as L(k,w) such that

dk dw ikx—iwt
K(z,t)= / o) L(k,w)e , (2.44)
we can write the left hand side of (2.43) as

0  h20? dk dw e
i x L(k thkx—iwt 245
(Z 0t+2m)/(27r)2 (k,w) e (2.45)

dk dw R2k? Lo
= | o= [ hw — —— ) L(k,w) eFo@t, 2.46

Using that we know how the Fourier transform of a delta function looks like
(0(t) = ‘Zl—ﬁe*im) we can then write the right hand side of (2.43) as

dk dw ;1.
1 1km—zwt‘ 247
[ e @4
We see that the two sides are equal if and only if
h2 2
<h/,u - k> L(k,w) = ih, (2.48)
2m
or, if you wish
ih

Well, now we have L(k,w) but since it is just the Fourier transform of K (z, t) we
just need to transform back to get K (z,t). That should be a piece of cake! Let us
try. Using (2.44) we can write

K(,1) = / dk dw th Rr—

@) h - B2

I B B R T S (2.50)
N 2m 2mi oy — Dk ’ '
—0o0 — 0o 2m

We will do the integral over w using contour methods.

In order to be able to write the integral as a sum over residues, using the Cauchy
theorem, we need to have a closed contour. This we get by closing the contour
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either with a half circle in the upper half plane or with a half circle in the lower
half plane as shown in picture 2.1 We can then write the closed contour I as the

I,

L

Figure 2.1 The possible contours

sum of the integral in which we are interested I; and the integral over the half
circle I5 (or I4). Since I is given by the integral around a closed contour it can
be calculated simply as the sum over the residues of the poles enclosed by the
contour. Then we have I; = I — Iy and since we will now show that Iy = 0 we
in fact have that 1 = 1.

To show that Is = 0 we need to estimate the integral. The contour is over values
of w with |w| constant and large (going to infinity even). arg(w) varies between 0
and 7 for I and 0 and —7 for ). To make the estimate for this contour we write

1 1 1
Cel-o().
w— 2wl |w|?
‘ef'iwt} _ ‘efi\w|(cos9+isin9)t‘ _ ‘e|w|tsin9 7 (2.51)
dw = widh,

which means that we can estimate the integral as

dw 1 4 df |w ;
/ 27 — ot < /2.||€|w|tsm9. (2.52)
C, 2miw — I i |w|

Notice that |w| is really a constant all through the calculation. Furthermore, this
constant we will take to infinity (corresponding to an infinitely large half cir-
cle). The integrand is therefore very much suppressed if we choose 6 so that
lw|tsin(f) < 0.In other words, for ¢ > 0 we have to choose —m < 0 < 0
corresponding to I/, and for ¢ < 0 we have to choose 0 < 6 < 7 corresponding
to Is.

There is one more problem with the integral I; which we skipped over in the
previous discussion. Namely, there is a pole (singularity) of the integrand for w =
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Z—Ii. The usual way to avoid this problem is to let the integration contour pass the
singularity in a small circle. But there are two ways we can do this. Either above
or below. Which is the correct way? Physics will have to tell us. Namely, from the
four possible contours in figure 2.2 we see immediately that two of them are zero

Figure 2.2 All possible contours

(since they do not enclose any poles). If we choose to shift the contour down we
get a result which is non-zero only for ¢ < 0 (this is not what we want, it would
mean propagation only backwards in time) but if we choose to shift the contour
up we get a result which is non-zero only for ¢ > 0 (which is exactly what we
want since this is how we defined the Green function in the first place). The fact
that physics tells us that we always have to shift the contour up can be nicely
encoded in the way we write the momentum space propagator. Namely, write
i

Lk w)=—7735—,
( ) w—g—lf;—{—ie

(2.53)

where € is an arbitrary small real number which we always let go to zero after the

calculation. The fact that e appears shifts the location of the pole from w = %
tow = % — i€ which means that the contour will not meet the pole and will

naturally pass over it.
Finally, let us perform the integral in the case ¢ > 0 which means that we have
to choose to close the contour in the lower half plane so that there will be an extra
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minus from the clockwise orientation of the contour

o /oo di 1 efiwt dw 1 efiwt —
OOQWiw—%—Fie 27”(.0 ’;ﬁj + 1€
. hk . i L2 2
Jim e~ (B =)t _ e~hmt, (2.54)
e—0
and inserting this in (2.50) we get
o dk i S/
Kat) = [ = p =y = [ e sy
oo 27T

in which we recognize (2.36) which is indeed the expression for the one dimen-
sional propagator that we derived independently in the previous section.

2.4 The spreading of a wave packet

Let us now try to calculate a more physical example using the one-dimensional
free particle propagator. We saw previously that the sharply localized particle will
spread out over all space infinitely fast. What about the perhaps more physical
case where the initial particle (at time ¢ = 0 say) is “smoothly” localized by a
Gaussian “blob”

1
1
Yi(x,t =0) = () e (2.56)
The wave function at any later time is now given by
vlont) = [ K et =0t @)

where K (z,t;2/,t') is the propagator for the physical situation we are interested
in (in our case the free one-dimensional particle). Introducing the notation o =

1
Y(x,t) = <2> 4 /dx/\/ 2 galo—a')? g=a’? _
( > V im /dﬂfe (1) [z 425 ma’] (2.58)

which, completing the squares in the exponential becomes

1 —(1—ia) +11ia z)*+ Q_Q-I22]
Y(x,t) = dx'e (1—i)?)  (2.59)

m .
an; We write
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Shifting the integration variable 7 = 2’ +

with the result
2 / /
t) = —_ (1 “1)2 =
- (1o’ $2
; ’La — 16 ta—1 y (260)

which gives us the probability density

——x we can perform the integration
—lx

=

202 _ 232 o
2 T
= O =4 ———=—e 1+a27 | 2.61

This is a normalized Gaussian of width \/ 122 052 = \/ m2;§122m)2. Taking the limit
t — 0 we get back the initial wave-function as we should but for large ¢ we
see that the width increases linearly with ¢ so that the Gaussian wave-packet is
smoothly spreading with time in correspondence with our intuition about this

physical situation.

2.5 The path integral

The method we used to calculate the propagator in the free particle case was to
insert a complete set of momentum eigenstates to turn the Hamiltonian operator
into an ordinary function. However, this will work only for Hamiltonians depend-
ing on momenta only. For instance, if we try to use it in the case of a Hamiltonian
of the form H = % + V(&) we have

(xle 1 |x') = / dp(xle 57 |p) (plad), (2.62)
but now

(xle™ 1 |p) # e~ K +V @) (|p). (2.63)

I repeat: the left hand side and right hand side of the above equation are not equal
to each other. To see this explicitly, try to evaluate the first few terms in a series
expansion of the exponential on both sides (for the simple Hamiltonian H =
p? + 22 for example). You will see that the problem is that the p? part of the
Hamiltonian does not commute with the 2 part. You will also see that the problem
will appear at the quadratic (and higher) term in the expansion.

We therefore have to find some different way to calculate the propagator when
the Hamiltonian is more complicated than the free particle. Instead, let us try to
compute it for an infinitesimal time step. As before, the general case we can always
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get by putting together infinitely many infinitesimal steps. In the infinitesimal
case we have

(x]e= T AA ') ~ (x] (1 - ;AHSI) Ix'). (2.64)

Inserting a complete set of momentum eigenstates now is non problematic
K(x,t+ At;x')t) = (2.65)
i p? i
[ % (ool ~ At 2 p)plx) — AtV IR pIx) ).
giving us the result
K(x,t+ At;x')t) = (2.66)
/d3 - At A xlp) (i)
p 2 T n P/){PIX ),

where now all the operators have been replaces by numbers. Notice that the last
term can be rewritten

/d3p<X|V(f<)|P><P|X'> =/d3p<xlp><P|V(f<)|X'>» (2.67)
giving us the possibility to write
K(x,t+ At;x')t) = (2.68)
Jap (1 a2 LA (xlp) (o) =
P\ T w% o, — pm ) PP =
/d3 PN LAV () ) (x]p) (plx') =
PU 2% 2m DA =
. 2 . /
3 _ a2 x+x !
/d p <1 hAtQm hAtV ( 5 >) (x|p)(p|x"). (2.69)

Again, to linear order in At we can write this as

) 2 ’
p +
_%At(zm"‘v(x 2x

K(x,t+At;x't) = /d3p e )) x|p)(p|x’) = (2.70)

/ﬁ%eémwxmmwx<mn

where now H is a number and not an operator. Inserting the expression for the
wave functions we get

d3 i p(x—x")
K(x,t+ At; X/, t) :/pehm( At H>

) (2.72)
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Now remember that x is the position at time ¢ + At and that x’ is the position at
time ¢. This means that we can write

x—x _dx(t)

R — 2.73
At dt -’ (@73)
giving us the expression for the infinitesimal propagator
K(x,t+ At; X/, ) / PPt aipsx—i) (2.74)
x X, t) = en . .
Y ’ Y (27Th)3

Here we recognize the combination p-x — H as being the Lagrangian of classical
mechanics (after performing a Legendre transform). In fact, we can transform this
into the usual Lagrangian (which does not depend on p remember) by performing
the p integration explicitly in the case where the Hamiltonian is of the form H =

% + V(x). Then we have
d*p e%At(p'*—%) _
(2wh)3

v 3 .
e—;AtV/ (2d }1:)3 e_Qh/mAt(pQ—Qmpx). (2.75)
T

The integral is again Gaussian and can be performed with the tricks we have

K(x,t+At;x/ 1) = e~ RALY /

developed earlier. Namely, we write
3 . 3 ,
/ &P iz an(p?—2mp) _ / dP iz at[p-mi)?—m*%?] (576,
(27h)? (27h)? ’

so that the integral (or integrals, there are three of them) can be performed by
redefining the integration variable p = p — mx and using the usual formula for
the Gaussian integral (2.39). Doing this we finally get

3
Kt 4+ At 1) = (5 ) T ehlme ), 2.77
Gt At = grmar) @ @77)

and we see that indeed it is the classical Lagrangian that appears in the exponen-
tial. Therefore we have the extremely nice result that the infinitesimal propagator
can be written as

3
K(x,t+At;x' 1) = ( )2 ern AL (2.78)

2mihAt

where we have introduced the classical Lagrangian L. Observing that for an in-
finitesimal time interval AtL = S, the classical action evaluated for the straight
line path between points x(t) and x(¢ + At)*.

1 Remember that the action is a functional which means it is a function of a function. In other words, to

compute S[x(t)], we need to specify the function x(¢), that is we need to specify how the particle moves
from the point x(¢1) to the point x(t2). What we just showed is that we can write the infinitesimal
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Now let us try to evaluate the propagator for a finite time interval. In the same
way as before we divide the interval (say from ¢; to ¢¢) into infinitesimal pieces
and in each piece we can use the infinitesimal expression. To this end define

tr —t;
At = ———
N M

ty =t + kAt ke [0...N], (2.79)

so that ty = t; and ¢y = ¢;. By taking IV large we can make the time intervals
as small as we like. Now let us compute the propagator by splitting it into these

intervals
K(xf,tf;xi,ti) = <Xf|U(tf,ti)|Xi> = (2.80)
J\}i_I)IIOO(Xf’U(tN,tN_l) X U(tN_l,tN_Q) X ... X U(tg,tl) X U(tl,to)’Xi>.

Between each of the U operators we may insert 1 in the form of a complete set of
position eigenstates giving us the expression

K(xf,tr;xi,t5) :]\}im dngl/d3xN2.../d3x2/d3X1

—o0
(x¢|U(tn, ty—1)xn—1) (N1 [U (1, Ev—2) [XN—2) X ...
X (x2|Ul(t2, t1) [x1) (x1|U (t1, t) [ xi).  (2.81)

But now each of the (Xj1|U(tx41,%)|Xx) is an infinitesimal propagator which
we just calculated. We know that it is simply given by the classical action calcu-
lated along the straight line constant velocity path going from point x, at time ¢,
to the point x4 1 at time t; ;. Or in formulas we have

3
. m 5 i
<Xk+1‘U(tk+1, tk)‘Xk> = (27T2hAt> 2 ehAtL(k-i—l,k)' (2.82)

Inserting this in the formula for the full propagator we have

K(xf,tr;x,t;) = lim d3xN_1/d3XN_2.../d3X2/d3x1

N—o0
3N
m 2 _iAtL(N,N-1) FALL(1,0)
eh : X ...Xeh o (2.83
(2m'hAt> (2:83)

Since the L functions are just numbers and not operators we may just as well

propagator in terms of the path where the particle moves from the initial point to the final point in a
straight line with constant speed.
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write them all in the same exponential

K(xg,tr;xi,t5) :]\}im dngl/d3xN2.../d3X2/d3x1

—00

3N
m i _ _1.N—
<2m-h t) 2 ehAt(L(N,N +L(N—=1,N=2)+..+L(2,1)+L(1,0)) (2.84)

The expression in the exponential is nothing but the integral % ftif dtL(t) along
the piecewise linear path given in figure 2.3 Notice that the fact that we integrate

t J (XN ’tN)

(xo’to)

> Y

Figure 2.3 The piecewise path

over all possible intermediate positions (i.e. over all intermediate x;) tells us that
the propagator can essentially be calculated as the sum over all possible paths of
the factor enS[Path]

Sometimes this is written compactly as

where S[path] is the classical action functional of the system.

Klxtyixits) = [ Dxets™, (2.85)

where the funny symbol Dx stands for summing over all paths (including all the
ugly factors which we have hidden).

The path-integral formulation of Quantum Mechanics gives a very nice inter-
pretation of the theory and its classical limit. Namely, to calculate the probability
amplitude that something will happen in Quantum Mechanics we have to include
contribution from all possible ways it can happen, even over the ways which are
forbidden classically. For most of these paths the action changes rapidly when we



2.6 The path integral evaluation of the harmonic oscillator 37

change the path a little bit. For instance, for a particular generic path leading to
the action S there is always a close lying path having the action S1 4+ Am. When
we add the contribution e of these two paths we will get zero. However, there
also exist special paths for which the action does not change when we change the
path a little bit. When we sum over such paths they will add up instead of cancel-
ing out. These paths are of course the paths which are solutions to the variational
equation

35 _
or

i.e. the solutions to the classical equations of motion. So the classical limit of Quan-

0, (2.86)

tum mechanics is essentially the limit where we sum over only the paths which
are classically allowed.

2.6 The path integral evaluation of the harmonic oscillator

We will now illustrate the path integral method in an example. Namely, we want
to calculate the probability amplitude (propagator) that we find the one dimen-
sional harmonic oscillator at the point x; at time ¢; if we at time ¢; have it
localized at point x;. We will use the definition in the form (2.83) so we first
need to decompose the interval into NV equal pieces. Thus we have (x;(t;),t;) =
(zo(to)sto), - .-, (xn(tn),tn) = (zp(t), ty) and At = N0 =4, ) — ¢ The
definition now becomes

N imat ((@N—zN_1)  ofenten_1)?
. . m 2 2h 2 —w ( 2 > )
£y = 1 (7) d— ( =
1 = Jim (i) [ dewae

imAt ((@1=z0) 2 (z1+T0 2)
x...x/dazle o ( A (=) (2.87)

Reshuffling the terms a bit and introducing the notation
A mA(1
2ih \ At?2 4

mAt 1 w?
B=5i (w + 4> ) (2.88)

we may write the path integral as

N N-1
. . m 2 —Ax2,— A2,  +2Brxnan_
<f‘1> = lim ( - ) /H dﬂjke N N—1 NZN-1
N—oo \2mihAL Pl

X ... x e ATi—Azg+2Brizo (3 89)
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This can be written even more compactly using matrix notation. We introduce
the N — 1 dimensional matrices

BSCQ
I 0
q = ) qo - )
IN-1 0
Bxpn

2A —-B 0 0
-B 2A —-B 0
M = 0 —-B 24 —-B ... |> (2.90)

we may write the path integral very compactly as

N N-1
NUET m 2 _A(a2+22) —¢T Mq+qT qo+qT
fli) = 1 (7> 0 N/ drpe” 1 Mara wtad (291
0 = i (grnae) 1] doie @on

The expression in the exponent can be rewritten as
—¢'Mq+q'q@+aa=—(¢"—aqM ") M(g— M "q)+q M d292)

where we have used that M is nondegenerate and symmetric. We now use the fact
that we may shift each of the integration variables zj by an arbitrary constant
without producing a (nontrivial) Jacobian. Thus we collectively define the new
integration variables

Y1
y= : =q— M q, (2.93)
YN-1

which, when inserted in the path integral gives

N N—-1
ST m 2 —A(w2+m2) +TM_10 T M
fli) = 1 ( ) b +aR) g tag M~ 'q dype V" MY _(2.94
(= lm \5omas) € ¢ / kHl Yre (2.94)

Since M is a symmetric (N — 1 by N — 1) matrix, we know that there exists
an orthogonal matrix O with det O = 1 such that OT MO is a diagonal matrix
which we will call D. Thus, if we again change integration variables Oz = y
which produces a Jacobian det O = 1 we may write the path integral as

N

N-1
m 2 A(p2422 Tar—1 . TAT
fli)y = i <7) A(zgtayy) ,+ag M qo/ d ZT0T MOy, g5
() = Jlim (5mas) € € kl;[l 2re (2.95)
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Since OT' MO = D we have decoupled the N — 1 integrals into simple Gaussians
which we are able to perform. Thus we have

N N-1
(i) = lim ( m )2 e~ AgtaR) gtad M a0 H /dzke_dkkzﬁ =
k=1

N—oo \2mihAL
m 5 Rl
lim ( ) 2 gmAl@i+al) gtag M~ a0 — =
N—oo \2mihAt I!;[l dk
N-1

N —
i () e T
N—>oo 2mihAL det D

m ¥ 2, .2 Tar—1 N-1
lim ( ) 2 e_A(xo""wN)e‘f‘qO M~ qo
N—oo \2mthAt det M

where we in the last line have used that det D = det O’ MO = det M. This
is quite a simple expression for the complicated path integral! It depends on the

(2.96)

determinant and the inverse of the matrix M. Fortunately, because of the simple
expression for qo (2.90) we only need to know the matrix elements (M ~1);; and
(M~1); y_1 of the inverse.

We will calculate the determinant recursively. Let us call the determinant of
the NV — 1 times V — 1 dimensional matrix M (2.90) In_;. Using the structure

of M we may derive a recursion relation for /y. Namely, we have that Iy o =
2AIN,1 — B%Iy with initial conditions I; = 2A4 and I = 442 — B2 Such a
recursion relation can be conveniently solved by defining the generating function

0 n
= >, (2.97)
n!
n=0
Multiplying the recursion relation by and summing we get a differential equa-
tion for f(§)
f"—2Af + B*f =0, (2.98)
with general solution
F&) = 1€ e ¢ | wi = A% \/A? - B? (2.99)

Taylor expanding f(§) we can read off the individual Iy. The initial conditions
give equations for ¢; and ¢

clw+ + cow_ = 2A
clw+ + cow? = 4A% — (2.100)

which can be solved to find ¢; = 2\/% and ¢y = T which then gives
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us the general expression

N+l —cﬁ“). (2.101)

1
IR S—
N oz —pr Ut
To find the elements of M ~! we use Cramer’s rule and the fact that we know the
determinant of M of various dimensions. Straightforwardly we have

_ In_
(M~ 1)y = =2

- 2.102
Tn (2.102)

To calculate (M ~1'); y_1 is a bit more tricky. The minor one has to compute is
an upper triangular matrix with —B on the diagonal. Thus we have

1 B BNfQ
(M~ )1n-1= o (2.103)
Thus we have
N B2In_ N-2 N_1
AT m 2 _A(z2+22) (z3+2%) T N 2+2x0xNE;7 T
fli) = 1 <7> 0TTN N-1 N—-1 4@_] 04
(E1) N \2minat) € ¢ InN—1 )

Now we have to take the N — oo limit in this expression. First let us have a look
at the determinant. From the explicit expressions for w4 (2.99) and the constants

A and B (2.88) we have
m iwAt?
Wi = o (1 + — > . (2.105)

Here the N dependence is hidden in At = %. Letus define T' = ¢ty —tg. Then
we can write

: 2N

N_(_m )N 1j:WT :< m )N ONIn(14£8L)

i (2ihAt ( 2N 2init) © =
22

m \N QN(:EWT_;(WT)Z) m N T w*T 1
~ 1 .06
(gmaz) V== (Ga) e oy O

giving

2ih / m \N Ww3T? 1
In_ :—( ) nwT (1 — 2.107
N1 T e \2inAr) MY ( TN +O(N2)> (2.107)

A similar but slightly more involved calculation gives for

2ih m \N-1 wT 1
In_ :—<7 inwlT — — T —
N=2 = e 2ihAt) [Sm“ N ¥ +O(N2)}X
Ww3T? 1
1 O(—=)). (2.108
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Similarly we have

N_ ([ m \N 1
B _(2ihAt) <1+O(N?)> (2109)

This is all we need to compute the relevant expressions in (2.104). They are

B%In_ m wT w2T?
A=(— ) (1 - cotwT |- (1 -2 ) =
In1 <2mm> ( N ) ( 4N2>

<2h>coth+O( ), (2.110)

and

BY w1 1
= — O(—). 2.111
In_1 2¢h sinwT + <N) ( )

In these expressions we may now take the limit N — oo since all potentially
divergent terms have cancelled. Collecting all terms we have

(£li) = lim( m )JQV 2mihAt £l mw
© Nooo \27mihAt m 2mih sinwT

z0an+O(35))

sin wT

e 2zh <cot wT(zOJr:L"N)

(2.112)

We see that indeed all the dangerous IV dependence cancel and we can safely take
the limit N — oo which has the effect that we drop all terms O(+). The final

result is then
mw imw (coth(:t +x ) ﬁxzxf)

N — T eoh
Geeli) orihsinwT

(2.113)

2.7 Time evolution of the density operator

The time evolution of the density operator looks a bit different than for a state in
the Hilbert space. A pure density operator evolves as

A(t) = [w(©)Xw(t)] = UO(©)Xw ()0 (1) (2.114)

so that the time derivative of the density operator satisfy the equation

dp _ Ut + At)p(0)UT (t + At) — U(t)p(0)UT(t)

— (2.115)
dt  At—0 At
. Ut + At)p(0)UT(t + At) — U(t + At)p(0)UT(t) (2.116)
At—0 At
4 lim U(t+ At)p(0)UT(t) — U(#)p(0)UT (t) (2.117)
At—0 At

(2.118)
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which, using what we proved before, can be written

Yo (o) 5l e

A more interesting connection between Path integrals and statistical physics
we get if we study the density operator of a statistical ensemble of states in ther-
mal equilibrium. From Statistical physics we know that the probability to find the
system in a state |n) with energy F, is p, = %B_BE” where Z is the partition
function. This system could be described by a density operator

p= ZZe PEnin)n| = Ze_ﬁH|n (2.120)

In the coordinate representatlon this becomes
1 A
o x) = (xljl) = Z (xle Sy nix) = (xle™ ) 2121)

where we have used that ) | [n)(n| = 1 in the last equality. But since
<X|675H|X/> = K(x,t —ihB;x',t) (2.122)

and since we know that Trp = [ d®xp(x,x) = 1, we see that there is an in-
teresting connection between the propagator and the statistical physics partition

function
= / dxK (x,t — ihf;x, 1) (2.123)
In the case of the free particle we get
3 3
mkT\ 2 mkT\ 2
= [d =V (s 2.124
/ * < 27h? > < 27h? ) ( )
Assuming N identical free particles we would get a partition function
3N
B VN (mkT\ 2 (2.125)
NI\ 2nh? ‘

which is the correct value for the ideal gas.

Exercise 2

1. Show that if |n) are eigenstates of the Hamiltonian with energy E,,, the
propagator can be written as K (z,t;2',t') =" e~ i En(t=t) (x|n) (n|x’).
2. In a two dimensional Hilbert space with a basis of normalized eigenstates
of the hamiltonian |1) and |2) with energy eigenvalue E; and Es, write

2)).

the time evolution operator in terms of the states |+) = %(\ 1)+
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3. Assume that space consists of two points, x and y. We will try to find the
time evolution of the system by assuming that the probability amplitude
at each time step At to stay at the same point is given by 1 +iwAt and the
probability amplitude to change points is given by i3At where w and
are arbitrary real numbers. Define the probability amplitude (i.e the prop-
agator)

K2 (T) = To go from x at t=0 to x at t=T (2.126)
K.y (T) = To go from y at t=0 to x at t=T (2.127)
Ky (T) = To go from x at t=0 to y at t=T (2.128)
Kyy(T) = To go from y at t=0 to y at t=T (2.129)

If we divide the time interval into N pieces so that At = %, show that

Ko (T) = Ko (T — At)(1 + iwAt) + Ky (T — At)iSAL (2.130)
Kyo(T) = Ky (T — At)(1 + iwAt) + K (T — At)i3AL (2.131)

Show that this gives a recursion relation that can be solved as

Kuo(T) = = [(1+i(w + B)AHY + (1 +i(w — B)AHN] (2.132)

— DN =

Kya(T) = 5 (1 +i(w+ B)AY — (1 +i(w — B)A)N] (2.133)

which when we let N — oo becomes

Koo = 7T cos(BT) (2.134)
Ky, = ie™T sin(8T) (2.135)

Is the probability conserved? What is the wavefunction at 7" for a particle
which is localized at © when ¢t = 0? What is the wavefunction at T for a
particle with an initial wavefunction ¢(z) = %, Y(y) = %?

4. A model of a moving wave-packet in 1 dimension is given by the wave-
function

N / dpe ™5 (P=P0)*|p) (2.136)

where a is a constant and NV is the normalization factor. Determine N and
use the propagator of a free particle to find how the packet moves in time.
Interpret your result!

5. Let |n) be a complete set of eigenstates of the time independent Hamilto-
nian H where H|n) = E,|n) and with configuration space representation
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¥ (x) = (x|n). Using these elements, write expressions for the time evo-
lution operator in the |k) and |x) basis i.e. find Ay and B(x,2’) in the
expressions

Utt) =) Aulk)(| = / dz dz' Bz, z')|x)(X|
k.l

. Calculate the propagator for a particle in a linear potential

Sa(t)] = / dt(%mch ~ Fa) (2.137)

using path integral methods. Here are some useful observations that you
might want to use

e In the path integral, we sum over all paths with the prescribed boundary
conditions.

e The sum will be the same if we shift all paths by some particular fixed
path.

e Define the new path y(t) as the old path shifted by a solution of the
equations of motion x(t) so thaty = = — x.

e However, shifting a path satisfying a particluar boundary condition by
a fixed path gives a new path that usually does not satisfy the same
boundary condition. What boundary conditions should y(¢) fulfil if the
classical solution z; satisfies the same boundary conditions as z?

e Find a particular x.; with the same boundary conditions as z, i.e. that
begins at 2’ at time ¢’ and ends at x at time ¢.

e Show that the action S[y(t)] consists of only of a kinetic term and a
term dependent only on the boundary conditions. In particular there is
no potential for y(¢).

e The path integral over y(t) can now be done using the result for the
path integral of a free particle. Remeber that is is given by

; im(zfz/)2
D *Sfree[x(t)} — L 2h(t—t") 2.138
/ e 2mih(t — )" (2135)

for a path that starts at 2’ at time ¢’ and ends at x at time .

Check that your result agrees with the result of the previous problem.
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Angular momentum

We know from experience that there is no preferred place or direction in the uni-
verse, that is, in more fancy language, that space is homogeneous and isotropic.
(Homogeneous means that space is invariant under translations and isotropic
means that it is invariant under rotations). This, in classical mechanics leads to
the conservation of momentum and angular momentum respectively. This makes
it important to study how physical objects transform under translations and ro-
tations. This is also true in quantum mechanics. In this section we will study how
physical systems behave under rotations in quantum mechanics.

The effect of a rotation of the physical system in quantum mechanics is of
course represented by the action of an operator. Let us use the notation

Ry ((b) ) (3.1)

for the operator which performs a rotation by an angle ¢ around the unit vector
n.

One important property of the operator Rwe get from the fact that we cannot
“lose” particles (or probability) when we do a rotation. This tells us that the state
we get as a result of a rotation has to have the same norm as the initial state. In
formulas we write

(xIx) = (X[X') = (X|RTR|x), (3.2)

which implies that R'R = 1 or that the operator Risa unitary operator.

We can learn a lot from the fact that quantum mechanical rotations have to
fulfill the properties of classical rotations. In particular, we know that any clas-
sical rotation can be built up from many infinitesimal rotations. That is, instead
of rotating the system the angle ¢ around the axis n we can rotate it N times
around the same axis, but each time only an angle % Our experience from clas-
sical physics tells us the the result of these two operations has to be the same. In
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quantum mechanics we write

Ru (¢) = {Rn <;$>] N. (3.3)

We also know that letting the angle with which we rotate become small, the
“change” of the system becomes smaller and smaller. In quantum mechanics we
could write this as
lim R (¢) =1, 3.4
lim R (¢) (3.4)
or, introducing an operator K (¢) with the property that lim_,q K (¢) = 0 we
can for infinitesimal angles € write

Re)=14+K(e)+.... (3.5)
Keeping the angle infinitesimal, and using (3.3) we can write
14 K(2¢) = R(2¢) = R(e)R(e) = (i + f((e)) (i + f((e)) — 14 2K(e) + (36)

That is, K (2¢) = 2K (€). This means that K depends on e linearly. Let us therefore
write

K(e) = —%af. (3.7)

(The factor — is introduced for convenience). Now wemay also use that R is
unitary to write

= iR = (1-ted) (1= 2ed) = (14 teit) (- Lei
- #0k0 = (1-7el) (1-7e7) = (1+5e) (1-5e7)
1+ %e(ﬁ —J) + O(%)3.8)

which leads us to deduce that J = J or, that .J is a hermitian operator. J is called
the generator of rotations’.

Since an arbitrary rotation can be thought of as being composed of an infinite
number of infinitesimal rotations we can use the infinitesimal form found above
to give the general form of the rotation operator. That is, we build up a rotation

with angle ¢ as N rotations all with angle A¢ = % That is

R e N i N
R(¢) = lim_ [R <N)] = lim [l—hNJ] . (3.9)

L Here one can notice the reason for the extra factor of 4 in the definition of J. Had it not been there the
operator J would have been antihermitian. Since we know that Hermitian operators are nice (they have
real eigenvalues for instance) this is why we choose to define J as we did.
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Using a known formula for the exponential as e* = limpy_, (1 + %)N we find
R(¢) = e 777, (3.10)

in agreement with what we said about the operator R before.
It interesting to check that unitary operators can generally be written in terms
of hermitian operators in this very convenient way. Namely, if we let J be an

i/ is always unitary since R =

. . T . . - AP
(1—iJ+ (_;!J)Z —i—) = (1+iJT—i—L§!)2 —i—) = e and e el = 1.

To summarize what we have found one can say that the operator of rotations

hermitian operator Jt = J, the operator R=e"

with angle ¢ around an axis n can be written as
Ru(¢) = e 597, (3.11)

where .J, is a hermitian operator called the generator of rotations around axis n.
If physics is invariant under rotations around n it is represented by a state [1)
which has to be an eigenstate of the generator of rotations.

Another classical property of rotations is that they do not commute. That is a
rotation around the x-axis followed by a rotation around the y-axis is not the same
as a rotation around the y-axis followed by a rotation around the x-axis. This is
however true only in the non infinitesimal case. One can for instance check that
two (classical) rotations with angle € around the x and y axises commute when
taking into account terms linear in epsilon only. To see the non-commutativity
one has to also keep terms quadratic in e. Mathematically we may write

Ry(€)Ry(€) — Ry(€)Ry(e) = R.(€®) — 1+ O(%). (3.12)

Let us check how this goes in the quantum mechanical case. Writing the rotation
operators in terms of generators we have on the left hand side

A oA A oA I A~ 1 - I A 1 4
R,R, — RyR, = <1 - %Jxe - J262> (1 — e J2€2> -

2h2°77 RV 2m27Y
i 1 . i 1 .
(1 = Jye = 2h2J562> <1 = Jue = WJ%) +0() =
s s 3
— [Jx,Jy} + O(&)(3.13)

This should be compared to the right hand side which becomes

R, (%) —1= —%jze? (3.14)

Thus we see that for rotations in quantum mechanics to have the properties of
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classical rotations, we need to require

SN R (i .
[Jx, Jy} =2 (2J.) =inl.. (3.15)
e \ h
Since the axis around which we performed the rotation is really arbitrary in this
example, we can immediately generalize this to the commutation relations

[Jiw]k} = iheip i, (3.16)
where we have introduced the notation jl = JA;B, Ag = jy, j3 = jz and the
totally antisymmetric tensor €;;.

3.1 An example

As an illustration of the use of rotations in quantum mechanics consider the fol-
lowing situation. The “elementary” particle A (with spin %) decays into a 7w~
meson (with spin 0) and a proton p™ (with spin %). Assume that the initial Ag
particle is in a state where the spin is pointing upwards along the z-axis and let
us call this state |[+) (as opposed to the state with spin projection down which
we will call |—)). Our task is to calculate the angular distribution of the final p™
(because of momentum conservation the p* and the 7~ always go out back to
back so we do not need to worry about the 7~ in what follows). What “angular
distribution” means is that we want to calculate the probability that the proton
p* comes out at an angle 6 with the z-axis. This seems almost impossible since it
seems that we do not have enough information to calculate this but the answer
is essentially given by rotation invariance. Calculate as follows: assume that we
know the probability for the proton to go out along the z-axis. To be concrete, let
us say that the probability amplitude is a if the initial A has spin up |+) and b if
the initial A has spin down |—). Because of angular momentum conservation the
proton comes out with spin up in the first case and with spin down in the second
case. To calculate the probability amplitude for the proton to go out at an angle ¢
we take the original Ay and rotate it. In the rotated system we want to calculate
the probability for the proton to go straight up (since this is at an angle 6 with the
original Ag). To find out the effect of a rotation on Ay we need to know how the
rotation operator acts on spin % states. This will be shown later in great detail so
let me just quote the result for a rotation around the y-axis

R, () |+) = cos (Z) |+) + sin <§> =), (3.17)
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so in the rotated system the probability amplitude that the proton goes straight

a cos (g) , (3.18)

and the probability amplitude that the proton goes straight up with spin down is

bsin <§) . (3.19)

The probability that the proton comes out with spin up is

up with spin up is

6
]a\Qcos2 (2) , (3.20)
and with spin down it is given by
0
1b]? sin? (2> : (3.21)

The total probability that the proton comes out at an angle 6 (if we do not observe
the spin) is given by the sum of these two probabilities

jal® + (5] jal® — [b]
—— |14+ —5—=5cos(0) | . (3.22)
2 jaf® + (o] )

So we see that from just rotation invariance we have been able to say that the
probability that the proton goes out at an angle 6 is given by a formula of the

type
a(l+ Bcos(0)), (3.23)

for some constants o and 3.

3.2 The angular momentum algebra

The angular momentum algebra can abstractly be written as

Ji, Ji | = iheiw Ji, (3.24)
[JisJe|
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where €; . is the completely antisymmetric symbol and repeated indices are summed
over. This is a compact form of writing the following three commutation relations
i, o] = inds,
|:j2, jg] = ihjl, (3.25)
\Js, | = inda,
(3.26)

where we can interpret jl = jw jg = jy and jg = jz It is possible to form an
operator which commutes with all .J;. Namely, define J? = JZ + J2 + J2. Then it

is easy to check that [JA“ J 2} = 0 for all <. This means that we can always choose
states to be simultaneous eigenstates of J2 and J; for one fixed i. Let us choose
Js = J. to be concrete. Then we can choose states |a, b) such that

Js|a, b) = ala,b),

J?)a,b) = bla, b). (3.27)
To find out what J1 and Jg do with this state we define the operators Ji =

J1 + ’LJQ Since the operators Ji are just linear combinations of J1 2 We may
equivalently work with them or, in other words, the algebra in terms of J+, J_,Js

contains the same information (is equivalent to) the algebra in terms of .Jy, Ja2, J3.
In terms of these new operators the algebra looks like

[j37 jii| = :l:hjiv
[L, j_} = 2h.Js. (3.28)
We may also rewrite J?2 in terms of the new operators. By inserting their defini-

tions it is straightforward to confirm that J? = % {j+, j_} + jg where we have

introduced the anti-commutator {fl, B} — AB + BA.

We will now try to find out what the operators .J1. does to the states la, b). In
fact, running ahead a bit, we will see that they map these states into each other,
that is acting with J onan eigenstate of J3, J? gives us back a (generally differ-
ent) eigenstate of jg, J2. In formulas we have

JaJula,b) = ([j3, ji} + J;jg) la, b)
— (ihji + jia) la, b) (3.29)
= (a + h) Ji|a,b),



3.2 The angular momentum algebra 51

which tells us that J4 |a, b) is an eigenstate of jg with eigenvalue (a £ 7). Let
us check that Ji|a b) is an eigenstate of also J2. This is even easier; since J2
commutes with all J; it also commutes with J;. which are just linear combinations
of the J; operators. Thus we have that J2J. |a,b) = J1J?|a,b) = bJx|a,b)
showing that ji\a, b) is an eigenstate of both Js and J? with eigenvalues a £+ h
and b. That is, that .J.|a, b) o |a = /i, b). Notice that the action of .J; or J, does
not give back states of the type |a, b). This is the explanation why we choose to
work with ji.

Acting more times with Ji and using the argument repeatedly we have that

<ji>n la,b) o |a 4+ nh, b) and it looks like we can go on forever like this. How-

ever, this cannot be true which we can see by studying the operator J2 - j??
According to a previous formula, this can be written as

. . 1¢. . 1 /. . ..
P-Ji=3 {J+, J_} =3 (J_J+ + J+J_) : (3.30)
4 A\t
and using that J; = (Jy) we can write this as
B i = (Lt
_3_§<+++__J, (3.31)
Taking the expectation value of this relation in a |a, b) state we have on the left
hand side
(a, b <32 - jg) la,b) = b — a2, (3.32)

and on the right hand side we get
f it g 1
<ab|<J Jo+Jtj )yab 5 ‘J+|ab‘ +)J |ab‘ > 0, (3.33)

which leads to the inequality
b—a®>0. (3.34)

Here is a lot of information hidden. First of all, b has to be positive. Second of all,
a cannot be arbitrary large but there exists a maximal a = amax such that

b > amax7
b < (Gmax + )?, (3.35)

and equivalently a minimal @ = ap,j, such that

—b < a’mmv
—b > (amin — h)* . (3.36)
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N n
In order for the (Ji> la,b) o |a = mh, b) iteration to stop at amax (r€Sp. amin),

we need
J 4 |amax, b) = 0,
J_|amin, b) = 0. (3.37)

This we may now use in the following way
0= J_J4|amax, b) = (jl - ij2) (j1 + Z'jQ) |amax, b) =
(J2+ 3+ [, 02] ) lowmans ) = (J7 + JB = s ) [amax, BY = (338)
(32 = J2 = 1) Jamas, b) = (b= 0 — Bitmas) [amas b)

which tells us that b = apax (Amax + 7). The same calculation starting with 0 =

JA+JA,|amin, b) gives b = amin (@min — 7)) which tells us that ayin = —amax-
Starting from |amin, b) = |—amax,b) and acting with J, we should reach

|amax, b) after a finite number of steps, let us say n (where n of course is an inte-
ger). Thus we have —aax + nh = Gmax, O Gmax = 5 h. Thus, the representation
is characterized by the half-integer 5. Let us call it j for simplicity (and we have
to remember that j can be both integer and half-integer). Then we have
b= +1),
a€h[—j,—j+1,...,5—1,7]. (3.39)
In the following we will forget about the 7 factors in the way we denote the states
|a, b) and denote them just by the half-integer j and by m = # so that an arbitrary
state will look like |j, m) where m € [—j, ..., j]. The action by the operators on
these states are
J2lj, m) = 7% (5 + 1) |j, m),
J3 ’.]7 m) - th], m>7 (340)
Jilj,m) o |j,m £ 1).
In the last relation, we can even compute the coefficient of proportionality. Namely,

if we have J |j, m) = C;,n|j, m + 1) we can compute the absolute value of C;
since we know that the |j, m) states are normalized. Thus

A 2 At A A A
ool = [alis )| = (ol ILT ) = GG, ml T, m

(3.41)

):

(j, m| (j% 24 [jl,jQD j,m) =
Goml (32 = 3} = hJs ) fj,m) =

1

P (j(j+1) —m(m+1)),
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so if we choose C},, to be real and positive by convention we have

Jiljm) =5 (G +1) —m(m+1)[j,m+1). (3.42)

A similar calculation for J_ gives

J_lj,m) = i/j (G +1) —m(m —1)]j,m — 1). (3.43)

Notice that the proportionality factor indeed vanishes for the case j+ lj,j) or
J_l|j, —j) so that the iteration indeed stops as we claimed before.

3.3 The rotation operator in general

We are now equipped to study the rotation operator in general. From the previous
section we know that any action of the J operators on a state with fixed quantum
number j gives back states with the same quantum number j (but in general with
different values of the quantum number m). In more physical language this cor-
responds to the fact that if we take a spin j particle and rotates it, it stays a spin j
particle. In mathematical language we say that the states with spin j constitutes a
irreducible representation of the rotation group?. In other words, the rotation op-
erator acts in a block diagonal way on the different irreducible representations.
This means that we can study how the rotation operator looks like for the dif-
ferent representations (or spins if you like) separately. For instance, for the spin
0 representation the rotation operator acts trivially (since there is only one state
there is not much that can happen) so the first non-trivial example is for the spin
half ( = %) representation. From the previous section we know that there are
two states in this representation

11,
’§7§>:H—>7

11,

5-5) = 1) (349

2 An irreducible representation is the minimal set of states that transform into each other under an arbitrary
operation of the group
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The action of the generators on these states is given by

A h
Jol£) = £5[%),
Ji|+) =0,
3
J_|+)=nh Y \— = h|— (3.45)
A 3
Fel=) = %+ 714 = Al
Jo|-) =0

as

h
L) = 51-),
A h
Jx‘_> = §|+>7 (3-46)
A h
A h
Jl=y=514)
Equivalently, we can give the matrix elements of the operators as
CHIT) () >
' . . (3.47)
( (=) (=1J]=)

Doing this we have

—i
0 ) : (3.48)

(Here you might recognize the Pauli matrices!) This matrix notation is very ef-
ficient if we want to find matrix elements of powers of operators. For instance,
finding the matrix elements of the operator OK one proceeds as follows. An ar-
bitrary matrix element is

(0K k) =) "(i|On)(n| K k), (3.49)

n
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where we have inserted 1 in terms of a complete set of states between the op-
erators. We see that the matrix elements of the product operator is given by the
product of the matrices (i|{O[n) and (n|K|k). Thus we can evaluate any power
of the operators J; by taking the power of their matrix representatives. To be
concrete, let us take jy as an example. We now compute

DD e

Now it is easy to generalize to arbitrary power, we get

o _ (N ns1oo
v\ 2 0 1)’
A\ o
2n+1 e
e (] s

This we can use to compute the matrix representative of the rotation operator Ry
since

o0

_i 1 i "
Ry(g) =€ thQ = Z E <_hjy9> =

n=0 """

i [0 —i 1/ i0\?/1 0
1—2<Z, 0 >+2!<—2> (0 1>+.... (3.52)

We see that the odd and even dimensional powers decouple when we add up the
matrices. The sum is

o= () St ()7 (23 St ()

and using that

n=0
00 1 i0 2n+1 o 0
Z m —5 = —1S81n 5, (354)
n=0 ’
we get

[% -0

_ COS 5 - S1n 5
1y (6) < sin  cos g > ’ (3:35)
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which we interpret to mean in the operator language that
~ 6 .0
Ry (6) 1+) = cos o |+) + sin 5| ),
~ .0 0
Ry (0)]-) = —sm§]+> + cos 5]—) (3.56)

Needless to say, this method to compute the action of an arbitrary rotation be-
comes very cumbersome when the representations (or the spins if you prefer)
become large since the matrices then become very big. There is another nice way
to compute the action of a rotation for arbitrary spin. We start by observing that
any state state with fixed spin j and maximal spin projection m = j can be con-
structed by putting 2j spin % states, all with spin up, next to each other. Another
way of saying it is that if we have 27 spin % particles, all with spin up, the system
as a whole is in the state [j, j)®. Mathematically we would write

B+ @...0+) =1ij). (3.57)

The action of the rotation operator on |}, j) is now given by the fact that we know
how a rotation acts on each of the |+) states. (We just computed the Ry action,
remember). Since we know that the rotation operator does not give us states with
different spin, we can classify what we get by computing m. This method can be
used to compute the rotation operator for arbitrary spin but let us illustrate the
method by using it to compute Ry in the spin 1 representation. In that case we
have

I1,1) = |[+) ® |+), (3.58)

which, when we act on it with the rotation operator becomes

R,(0)]1,1) = (cos§|+> +sing|—)> ® <cosg|+> +sin§]—>> . (3.59)

We know that the result of a rotation has to be a linear combination of states with
the same j but different m so we can write for some constants a, b and ¢

Ry (0)|1,1) = a|1,1) + b[1,0) + ¢|1, —1). (3.60)
Comparing both equations we see that
L1 = [+) @[+),
1
’170> = 5

V2
IL,-1)=[-)®|-), (3.62)

(H o=+ H), (3.61)

3 This will be discussed in great detail in the subsection about addition of angular momenta
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and, consequently that

a = cos? Q,
2
b=+2sin Q cos g, (3.63)
2 2
. o0
¢ =sin” —. (3.64)

2

Since we now know how the |1, 0) state looks like, we can find out how a rotation
acts on that state

- 1 0 .0 .0 0
R,|1,0) = 7 <<cos §H—> + sin 2[—>> ® <— sin §|+> + cos 2|—)> +
0 0 0 0
(— sin 5\4—) + cos 2—>> ® <COS §]+> + sin 2\—)))(3.65)
leading to

R,|1,0) = —\/isingcosgﬂ, 1)+ <cos2 g — sin? Z) 11,0) +

\/ﬁsingcosgﬂ,—l% (3.66)
2 2
and on the |1, —1) we similarly find
- 0 0 0 0
Ry|1,—1) = sin® 5\1, 1) — \/§sin§ cos 5]1,0) + cos? §|1, —1), (3.67)

leading to the matrix representation of the spin 1 rotation operator

cos? g —+/2sin g Cos % sin? g
(1,m'|Ry|1, m) = QSingCOSg COSQg —sinzg —\/isingcosg (p.68)
sin? g V2 sin g cos g cos? g

One can check that this matrix is unitary as it should be.

3.4 The rotation operator in coordinate representation and spherical
harmonics

We can now ask what is the coordinate representation of the generators of the
rotation operator. We do this in the same way as one can do to find the coordinate
representation of the momentum operator. Namely, let us consider the (infinites-
imal) action of (say) R.onan arbitrary state

R.(AG)[). (3.69)
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The coordinate representation of this is of course
(x| R:(A0)[6) = ((WIRLAG)x)) = (Wllx+ Ady,y — Agx,2))" =

(x-+ Ay = Aoxal) = (o) + 80 (v o) a0

where we have used that R is unitary so that Rf(6) R

) = R(—0). Since A¢ is in-
finitesimal we can expand R,(A¢) = 1 — ZATd’JZ + .... Reading off terms up to
first order we get that

. 0 0
L= —ih(r=— —y=— ). 71
J ih <$8y y8x> (3.71)

This is the coordinate representation of the generator J..Inan exactly analogous
fashion we can compute the general formula

jz‘ = —ihéijkxjaixk. (3.72)

In spherical coordinates we can write the action of the (infinitesimal) rotation
operator as

Re(€)]6, ¢) = |0 — esin ¢, ¢ — e cot A cos ¢),
Ry(e)w, ¢) = |0 + ecos ¢, ¢ — € cot §sin @), (3.73)
R.(€)|6,¢) = (0,6 + €).

So in that case the coordinate representation becomes

(x|Ry(€)|1)) = (0 + esin ¢, ¢ + € cot 6 cos p|)),

x| R,
(x ]%y(e)\w) = (0 — ecos ¢, ¢ + e cot O sin ¢[)), (3.74)
(x| R (e)[1)) = (0,6 — el),

and Taylor expanding in € we get the coordinate representation of the generators

) = (mwﬁe ; cotecosqb;) (xl),

—%<x|jy\z/1> = <— cos qﬁaag + cot fsin QS(;;) (x|v), (3.75)

7 o 0
—ﬁ<X|JzW1> = —375<X|¢>,
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or, in other words

Jr = —ih (— sin(ﬁg — cot B cos ¢ ¢>

) 0
Jy = —ih <cos gb% cot fsin ¢ ¢) (3.76)
0
J = —Zh%

From these expressions we may also find the coordinate representations of the
ladder operators

Jy = —ihe™? <:l:z 080 — cot 9%) (3.77)

Having the coordinate representation of the operators we may now proceed
to find the coordinate representation of the states. In other words, we want to
find the wave functions (6, ¢|1, m). Let us first assume that [ is an integer (the
half integer case we will be commented on in the end). First we notice that the
equation

mh(8,¢llm) = (0,61l m) = ~ing (0. 0lLmw), (379)
can be immediately solved to tell us that the wave function can be written as
(6, |1, m) = €™ fy(6), (3.79)
for some function f;(6). Now we know that for m = [ we have
0= (0, ¢|J|1,1) = —ihe!FD9 ( I ot 9f,> , (3.80)
or, that
% = lcotbf. (3.81)

This is a first order differential equation which is easy to solve. The result is
fi = ¢sin' 6, (3.82)

for some normalization constant ¢;. To determine it we have to do the integral

1
1= cl|2/sin 0dode | fi)* = 2 |c,\2/ d(cos6) (1 — cos®0) =
—1

, DI+ 1)I(3) 221112

2
= |2 d4r——" . (3.83
(i +3) A e 689

27 ¢
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leading to
(Db /(20 +1)!
207! dr
Here the choice of the phase factor (—1)! is purely conventional.
Having the coordinate representation of the highest weight states it is an easy

task to find all states. We just proceed as we did before by acting with J_ to take
us from one state to the other. To be explicit we have

BT+ 1) —m(m — 1)(0,¢|l,m — 1) = (8, ¢|J_[1,m) =

; 0
—ihe ™ <—z’80 — im cot 9> (0, |1, m). (3.85)
The states come out automatically normalized and orthogonal to each other. These
wave functions are conventionally denoted Y, (6, ¢) = (6, ¢|l, m) and are called
Spherical harmonics. They form a complete basis of functions in the angular vari-

o = (3.84)

ables 0 and ¢ so that in problems with spherical symmetry they are often used to
Fourier expand the functions.
Let us try the method out for [ = 1. In this case we know that

Yl1 = —1/ 3 sin Be® . (3.86)
8

To find Y? we act with J_ to get

hV2YY = —ihe ™ <—z§9 —icot 9) (=1)4/ 83 sin fe'?, (3.87)
T

giving us

P = % (cosf + cosf) = 4/ 43 cos . (3.88)
™ 7r

Acting once more we have

hﬁYfl = —ihe ™ <—z§0> \/fcos 0, (3.89)
0

3 .
Vil =4/ = sinfe . (3.90)
8w

One can try what happens if one assumes that [ is half integer. For simplicity

which gives us

let us assume [ = % Then the above program leads us to the wave function

Y)/3 = e1Vsinfe:?. (3.91)
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Acting on this with the J_ operator we get

1/17;/2 =—c1 cot 0v/sin fe~ 2% (3.92)

There are (at least) two problems with this (tentative) expression for the half in-
teger wave functions. Firstly it is singular at 6 = 0, 7. Secondly, if we act with
J_ again we do not get zero as we should!! This leads us to the conclusion that
only the integer value angular momentum wave functions have a coordinate rep-
resentation. The half integer wave functions should be understood as an internal
property of the system and can not be understood as “something rotating around
something else” in normal space.

Finally, let us return to the rotation matrix now that we have found the coordi-
nate representation of the generators. Let us consider a rotation matrix that takes
a vector pointing in the z direction and rotates it to a vector that point in the 6, ¢
direction. This can be done by first making a rotation around y with angle ¢ and
then a rotation around z with angle ¢. In other words, let us look at the operator

R(6,¢) = R.(¢)R, (). (3.93)

This operator takes a state |Z) = |0 = 0, ¢) and rotates it to the state |i) = |6, ¢).
(Here 7 is a unit vector in the ¢, 6 direction). In formulas we have

R|Z) = [1). (3.94)
In this relation we insert a 1 as follows

0) = > RV, m') (1, m'|2). (3.95)
'm’

Hitting everything from the left with a (1, m| gives
(Lmfa) =Y (L, m[RY, m' )V, m’|2). (3.96)
I m!

Since we know that a rotation just mixes the m quantum numbers but not the !
quantum numbers, the sum over !’ is trivial, and we get

(Lmld) =) (1, m|RLm")(1,m'|z). (3.97)

m/

Now we can use that we know the coordinate representation of the |1, m) states.
Namely, we know that

(afl, m) = ¥;"(0, ¢), (3.98)
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which in particular means that

(ol =70 = 0,6) = |2 L5, (399)

Here we have used that we know that ¥;*(6 = 0, ¢) vanishes for m # 0% and the
explicit form of Ylo. This implies that

(7" (6,6))" = 3L ml Rl ) (\/Zjlam,g = (. ml 21,0}/ 2 3300

m’
or

47

1, m|R|L,0) =

(Y™(0,9))", (3.101)

so the matrix elements in the coordinate representation of the rotation matrix are
essentially given by the spherical harmonics!

3.5 Addition of angular momentum

We now turn to the problem of how systems of many spins (or angular momenta)
behave under rotations. Technically what happens is that a system of many spins
does not transform irreducibly under rotations and one has to decompose it into
pieces that do transform irreducibly. In more physical words, under a rotation the
states of the system get mixed up. However, since the representation is reducible
all states do not transform into all other states. It is possible to find subsets of
states which transform into each other and only into each other. One reason why
this is important is that these subgroups of states have similar physical properties.
For instance, if our physics is rotationally invariant we must have that

RU|y) = UR|v), (3.102)

or, in words that we get the same thing if we first rotate the system and then wait
a little time or if we first wait and then rotate. this means that RITUR = U or,
infinitesimally, that {j ,H ] = (. This means that we can find a set of mutually

commuting operators J.,J2, H whose eigenvalues we can use to label the states
n, j, m). Also, since any rotation on the states [n, j, m) just mixes the m quantum
numbers (this is of course because any J; commutes with both J2 and H ), the
j and the » quantum number stay the same, that is all states in a given angular
momentum representation must have the same energy! This is in general true for
the spectrum of any operator that commutes with rotations and since rotations

4 This can be seen from the fact that .J, |2) = 0 since then 0 = (2|.J, |1, m) = Aim (2|1, m)
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and rotational symmetry is such a common phenomenon in physics, it is very
important to investigate how these composite states decompose into states that
transform irreducibly.

For instance, let us say that we have a system of two independent spln spins.
The Hilbert space of states are given by tensor products of states of the single
spins

[+ @+), [H) @) |-+, [-)el-). (3.103)
We may define operators that act on the whole space as follows
S=S;,®1+1®8S,. (3.104)

Here O ® P means an operator which acts on the state |a) @ [b) as O[a) ® P|b).
With some abuse of notation, we often write Sl = Sl ® 1 and Sz =1i® 82 Let
us assume that the (rotationally invariant) Hamiltonian of the system is given by

H=0S8;-S2 =« (glx ® Soz + gly ® SQy +5.® S2z) : (3.105)
We can straightforwardly compute the matrix elements of the Hamiltonian as

1 0 0 0
al? 0 =1 2 0
4 l0 2 =10

0 0 0 1

(£, +|H|+, +) = (3.106)

We see that the Hamilton is not diagonal and hence the |+, +) states are not
the “correct” states to use We can diagonalize the Hamiltonian with the result

2
that it has one eigenstate — (H—> ®|—) — |-) ® |+)) with eigenvalue — 32~

three eigenstates |+) ® ]+>, 7 ([+H)®@|=)+|-)®|+)) and |—) ® |—) which

. 2 . . . .
each have eigenvalue %. The single eigenstate corresponds to a one-dimensional

and

representation of the rotation group (a spin 0 representation) and the group of
three eigenstates correspond to a three dimensional representation (a spin 1 rep.).
The states in each representations transform into each other under rotations but
they do not mix.

Let us now investigate how this work in general. Assume that we have two in-
dependent arbitrary spins j; and jo. Again we define the states of the system with
the help of the tensor product as |j;, m1) ® |j2, ma). We also define the operators

J=dh12l+10J;=3,+Jo. (3.107)

One can check that the operator thus defined also satisfies the angular momentum

algebra
[ji, j]f} = ihfikljl- (3.108)
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Since we have two spins, the states of the system are completely given by four
quantum number. For instance the eigenvalues of J; Z,j %, J2z, J % (which leads
to the tensor product states |J17H11> ® |j2, ma2)). However, if one instead takes
the four operators J J ,J2,J. one can show that they also mutually commute.
For instance, that J >y and JZ commutes follows from the fact that they satisty
the usual angular momentum commutation relations. That J? and J2 commutes
follows from the fact that they act on independent spaces. In formulas we would
write

3232 = (i@@ i) (i@f@) =232 = 3232, (3.109)

so the commutator is indeed zero. Lastly we see that j (and 51m11arly also J2 3)
commutes with all other operators since J 2 commutes w1th any Ju; (this is the
usual relation [JZ-, J } = 0 which holds for any spin) and also with any .Jy; (since
they act on different spins).

Thus we can instead choose J %, J %, J 2, J, as the operators which will classify
our states. These are states |j, m, ji,j2) given by the total angular momentum j
and its projection m plus the individual spins j; and jo. Notice that the indi-
vidual spin projections m; and my in this basis are not certain. This is because
[j 2 jl »| # 0 (and similarly for jgz so that one cannot at the same time give total
spin and individual spin projections. To be completely clear, let us give the action
of the operators on their eigenstates. First the states which are eigenstates of the
individual spins

I3|j1, m1; jo, mae) = K251 (j1 + 1)[j1, m1; jo, ma),

I3lj1, m1s jo, mo) = h%ja(j2 + 1)[j1, m1; jo, mo),

Jizlj1, my; j2, mo) = Aimqlji, mi; jo, mo), (3.110)
) =

J2zlj1, mi;j2, mo) = Amalj1, my; jo, ma).

I3t jos i, m) = K251 (1 + D)j1, jo; j, m),

I30j1,d2sd, m) = K22 (ja + 1)]j1, 23§, m),

I2j1,d2sd,m) = K25(5 + 1)j, jo§, m), (3.111)
Jolit,dos jym) = himlji, jo; j, m)

To find how a state transforms in the general case what we need to do is
to write any state where the individual particles have fixed angular momenta
li1, m1;j2, mo) in terms of states |j1,jo;j, m) which have well defined proper-
ties under rotation. Actually we will do the opposite (write |j1, j2;j, m) as a linear
combination of [j1, my; j2, ms)) but that does not matter since the transformation
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is invertible. Also, to avoid cluttering the formulas we will not write j; and js ev-
erywhere since they are the same for all states and to keep track of which states
are of which type we introduce the notation

|Jam> = |j17j2;.j7m>7
lmy, mg)) = [j1, my;j2, mo). (3.112)

Our goal is now to find the relation between these states

jom) = Y g mo[ma, ma)). (3.113)
mi,ma2

This we will do in several steps. First let us see that the space of all |m;, mo) is
finite dimensional with a total number of (2j; +1)(2j2+ 1) states. This is because
each spin (j; and jo) can separately have 2j; + 1 and 2jo + 1 different values of
the m quantum number respectively. However, we do not need to sum over all
these states in the sum (3.113) since for fixed m we can use that I, = Ji. + Jos
and since we know that

J2lj.m) = mlj, m),
(124 o) Iy ma)) = (m1 +ma) |y, mo)), (3114)

we immediately see that ((mj, ms|j, m) = 0 if m # m; + ma. This follows from
the fact that

0 = ((my, my] (jz —Jis — jzz) lj, m) = (m — mq —mg) ((my, mylj, u.115)

So for each fixed m on the left hand side of the equation (3.113) we need only
states with m; + mgo = m on the right hand side. It is useful to know exactly
how many states with m; + mo = m there are for each fixed m. To find this we
draw the allowed states as points in the (m1, m2) plane. Here each diagonal line

Figure 3.1 The allowed states for j; = 7/2 and j, = 2

going from upper left to lower right goes through points with the same value of
m1 + ma. From the picture it is immediately obvious that there is always only
one state with maximal value of mpax = m1 + ma = j1 + jo. When we go
down one level to states with m = j; + jo — 1 there are two states, |j1 — 1,j2))
and |j1, j2 — 1)). Going down in m once more gives us one more state and so on.

However, from the picture we see that something happens when we get to the
diagonal which hits the lower right corner (that is, assuming that j; > j2 as is
true in the picture, for m = (j1 + j2) — 2j2 = j1 — j2 > 0). After that, going
down in m does not give new states but the number of states is constant for each
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new m. When we get to the diagonal which hits the upper left corner (this is for
m = jo — j1 < 0) something again happens, after that the number of states starts
to decrease with one each time until we reach the single state in the lower left
corner which has m = —j; — jo. Thus we can write for the number of |mj, ms))
states (in the j; > jo case)

0if [m| > j1 + jo,
g1+ jo +1—|m|if j1 + jo > |m| > j1 — jo, (3.116)
2]2—|—11f]1—j22 \m| > 0.

Let us now look at the |j, m) states. From the above discussion we found that
the maximal m that we can have is m,.x = j1 + jo. Therefore we see that there
can be no |j, m) states with j > j; + js (if there were, there would be states states
with m = j > j; + j2 which we just showed that there are not). The question is
how many of each states with j < j;+j2 we can have. Let us start with the unique
state with maximal m = j; 4 jo. From our discussion we know that it has to be the
state |j1 + j2,j1 + j2) or, in other words, that it is the highest weight state in the
J = j1+7j2 representation. We can get all the states in the representation by acting
repeatedly with J_ on this state. At the next level with m = M.y — 1 we already
have one state, namely the state we got by acting with J_on li1 +j2,j1 +j2) (that
is|j1 + j2,j1 +j2 — 1)). However, we know from our counting of |mj, my)) states
that at this level there should be two states. The other state thus have to be the
highest weight state in a representation with j = j; + j2 — 1, that is a state which
we can write as [j1 +j2 — 1,j1 + j2 — 1). We can continue in this fashion going
down in m and filling out the states we find in the figure When we get to the
point where m = j; — jo we know that there are no new states at the next m
level. This we have to interpret that we do not get any new representations going
lower in m. In fact, we can check that what we have is everything by counting the
states. Since we know that we have (2j; + 1)(2j2 + 1) states of |m;, ma)) type,
we should have the same number of states of |j, m) type. In fact we have (again
we assume jq > jo)

Ji1+j2 2jo+1
ST @i+ =Y 2@ +i—je—1) +1) = (21 + 1)(2j2 + 3.117)
J=j—J2 J'=1
so everything seems to work out.

We have thus learned that in a system with two independent angular momenta
j1 and jo the total angular momenta j of the system has to satisfy |j; — ja| < j <
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j1 + j2 and that there is one and only one state with a particular value of 5 and
m.

3.6 Clebsh-Gordan coefficients

Let us continue what we did in the last section and try to find explicitly the ex-
pansion coefficients ¢, m, in the expansion (3.113). Actually, the notation we
will use is ((mj, ms|j, m). These numbers are called Clebsh-Gordan coefficients.
Sometimes one also sees in the literature the so called 3j-symbols. They are related
to the Clebsh-Gordan coefficients by

<<rm,mz|j,m>=(—1>j1‘j2+’”\/2‘7'+1<j1 2 J > (3.118)

mp Mo —MmM

but we will not use them here. The Clebsh-Gordan coefficients are conventionally
chosen to be real so that

((my, ma[j, m) = (j, m|my, ma)). (3.119)

Also, since the states |mj, mg)) or the states |j, m) form a complete basis in the
subspace of states of two angular momenta j; and j> we have the following rela-
tions (in this subspace)

=Y |mp,my))((my,mo = > [j,m)(j,ml, (3.120)

my,ma J,m

where the sums are over the “allowed” values of the eigenvalues only. This leads
to the following relations between the Clebsh-Gordan coefficients

8 Omm = (G,mli’,m’) = > (j, mmy, mg))((my, mylj’, m’) =

mi,m2

> {{my, molj, m)((my, malj’,m’), (3.121)

mi,m2

and similarly

5m1,m’15m2,m’2 = <<m17 ms mllv m,2>> = Z<<m1a m2|j7 m> <J7 m|m’1, m/2>> =
J,m
> {({my, molj, m) ((m, mb|j, 8)122)
im
It is certainly possible to calculate arbitrary formulas for the Clebsh-Gordan
coefficients. For instance, the 3j-symbols are often listed in tables. However, I will
not present such a formula which is often hard to read and does not say very
much. Instead I will give you a prescription how to calculate them yourselves in
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any given case. The method is built on the way we calculated the allowed states in
the previous section. To be concrete, let us use our example of the previous section
of adding a spin % and a spin 2. The state with the highest value of m = j; + ja

% in our case) is given to us for free. Since there is only one |j, m) state as well

as |mj,mo)) state they must be equal. That is

11 11 7
—, ) =1|=,2 3.123
| 53 ) |2, ) (3.123)
and the Clebsh-Gordan coefficient is of course
7 11 11
-2l —, —) = 1. 3.124
(5255 (3.124)

Notice that the arbitrary phase factor that could have appeared in (3.123) was
eliminated by requiring that the Clebsh-Gordan coefficients are real (and in this
case positive). To find the other states in the % representation we can act on
(3.123) with the lowering operator J_=J, — ijy. The action on the left hand
side is easy to find. Using the regular formulas we get

-~ 11 11 11 9
=y =) = 11—, =). 12
Il 5 = WIS, 5) (3.125)

To find the action of J_ on the right hand side of (3.123) we have to use that
jf = jx - Z'jy = (jla: + j2x) -1 (jly + ij) = JA1, + jQ*a (3-126)
which tells us that
~ 7 =TT 7T -
_|=,2)) = =, = 2,2 - = —_12,2)) =
Sz = (15 D) el 415, e (Jal22)
75 T 5 7
h\/ﬂ*a 7> ® |2a 2> + |77 7> ® (h2|2a 1>) =h \/?‘772» + 2|77 1>>( '127)
2°2 2°2 2 2
Equating the left and right hand sides we find

11 9 75 4 7
|272>=\/;\2,2>>+\/;\2,1>), (3.128)

which gives us the non-zero Clebsh-Gordan coefficients

5 11 9 7
<<§7 ‘?7 5) - ﬁv
7 11 9 4
= 1l—=,2) =1/ —. 3.129
(g 5=/ (3129
It is gratifying to see that the state (3.128) comes out automatically normalized

as it should. Using J_ we could now continue to find all 12 states in the spin %

representation but we will not do so here. Instead let us look at the next to highest
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m=j1+j2—1 (% in our case). We know that there are two states with this value
of m but we have only found one so far (3.128). We also know that the second
state is the highest weight state in a new (in this case spin % representation. We
should therefore be able to write

99 ) 7
‘§7§>:a|772>>+b’771>>7 (3-130)

for some unknown constants a and b. The constants we can determine by acting
with J+ on both sides of the equation. Exactly similar to how we found the J_
action we now find

~ .99 7 7
0—J+\§,§> —h(a\ﬁ|2,2>)+b2]2,2>>> . (3.131)
In order for this to be true we have to have

V7a+2b=0 (3.132)

Together with the requirement that the state should be normalized we get

99 77 4 .5
2 ===, 1)) — /=5, 2 1
15350 =\ 1513 ) — /11 15-2) (3.1

where we again have fixed an arbitrary phase by the requirement that the Clebsh-
Gordan coeflicients should all be real and by the convention that the state with
the maximum m; value should also be positive. Notice that this state comes out
automatically orthogonal to (3.128) as it should. This result gives rise to the non-
zero Clebsh-Gordan coeflicients

7 .99 7
Z 1125y =4/ —
(5.1, 50 =/ 7=
5 .99 4
—2|=, =) = —/ —. 3.134
(5,205, 50 = =/ == (3,134

By using the ladder operators Jo in this way we can go on and find all the non-
zero Clebsh-Gordan coefficients. You can as an exercise try to find the expression
for the |3, 1) state in terms of the \ml, my)) states. The calculation is not too
difficult. You need to act once with J+ once with J_ and use the normalization

3 1\ _
condition. The answer I believe should be §,§>— ﬁ’ﬁ:_ —\ﬁ\i,—
9 (1 1 3
31300 —/551-3. 1) + /1l -3, 2)

An application

As an application of the above formalism, let us consider a system of two nucleons
(a nucleon is particle that you find in the nucleus of the atom, that is a neutron
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or a proton). The system is described by the relative coordinate of the two nucle-
ons r and furthermore each of the two nucleons carry spin % (let us call the spin
operators acting on each spin S, and S, respectively). The nucleons interact in
several ways. First of all there is a regular (strong) force between them, second of
all their spins interact with the orbital angular momenta L = r X p and finally
there is an interaction between the spins themselves. The system should be rota-
tionally invariant so that the Hamiltonian should be rotationally invariant. If the
mass of a nucleon is M and with the definition S = Sl + SQ then we can write
the Hamiltonian as

A2

H = 22 4 Vi(r) + Va(r)L - § + Va(r)81 - Ss. (3.135)

for some functions V;(r). V4 (r) describe the force interaction, V(r) describes
the spin-orbit interaction and V3(r) describes the spin-spin interaction. There
are other possible interaction terms but we will not consider them here. This is
a pretty complicated system so it is important to find the “correct” variables in
which the description is as simple as possible. To do this we will try to find as
many (hermitian) operators as possible which commute with the Hamiltonian.
Then these can be used to classify the eigenstates, or in other words, using eigen-
states of these operators, the Hamiltonian will take the simplest possible form. We
see that the Hamiltonian commutes with the operators L2, $2, 82, S? and defin-
ing the operator J = L + S we see that the Hamiltonian also commutes with J2
and J Notice however that it does not commute with the operators Sl 2 ng or
Lz since the L - S term contains for instance L:C (51:5 + Sgw). We can therefore use
the states

|1, s:3,m), (3.136)
which are eigenstates of f,Q, SQ, 32, J, (and also of S%, S%) as our basis. Now we
use that we can write

28,6, = 62— 67 &2
oL-S=J2-1%-8§2 (3.137)

That means that when we act with the Hamiltonian on one of the basis states we
get

H|l,s;j,m) =
2

(I;; + Va(r) + %Vz(r) GG+ —=10+1) =s(s+ 1)+  (3.138)

h2
- Valr )(s(s+1) —s1(s1+1) — sa(s2 + 1))> I,s;j,m).  (3.139)
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From our discussion about addition of angular momenta we know that since s; =
S9 = %, s can be only 0 or 1. Thus when the Hamiltonian acts on s = 0 states we

have
. f)2 h2 o 3h2
=P Vi) + V) GG+ 1)~ 1 1) = 2 V() (3.140)
and when it acts on s = 1 states we have
R pQ hQ h2
H= i + Vi(r) + ?VQ(T) GG+ —=1(l+1)—-2)+ ng(r), (3.141)

which is a considerable simplification. Thus we will try to find eigenfunctions of
the Hamiltonian which are also eigenstates of L2, S?, J? and ./, An ansatz would

be
|1;Z)> = |El,s,j,m> ® |17S;.j>m>' (3~142)

The state |Ej g j m) contains all the radial dependence of the wave function while
the |1,s;j, m), since it contains all the information about rotations, contain all
the angular dependence. We can now take the coordinate representation of the
eigenvalue equation

3 1 [1d? I(1+1
mi,ms
fisjm(r)(0,oll,s,j,m), (3.143)

where fi s jm(7) = (r|Eisjm) is the coordinate representation of radial part of

the wave function and where V, 5 ;(r) is an effective potential of the form

Ly Y0

Visj = GG+ —1l+1) —s(s+1))

L Va(r) <S(S+ 1) - 2) L (3.144)

2

To derive this result we also used that the coordinate representation of the oper-
ator p? can be written

2 d?
o dr?

. 1, e

(x|p*[v) = () + 5 (x[L2[), (3.145)
and that the action of L? on the state is known. When we want to find the eigen-
functions of the Hamiltonian what is left for us to do is therefore solve the one
dimensional differential equation

11 d?2 E
<_Mrd7~27" + Vi,s:N)) Fsgim(r) = 35 fusjm(r)- (3.146)
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where the potential depends on the quantum number j, s and [

V(r) = <;g—3f>+l(l+l) (erz_‘g?>

+s(s+1) <V3_V> +j(j+1)v

% 5 (3.147)
Since the effective potential do not depend on the quantum number m the wave
functions f; s j,», Wwill also not depend on m and the spectrum will be degenerate
in m, that is, each energy eigenvalue will be (2j + 1) times degenerate.

To find the explicit angular dependence of the states (f, ¢|l,s;j, m) one has
to use the Clebsh-Gordan composition of the state |1,s;j,m) = |j, m) into the
|1, 8;my, mg) = |my,mg)) basis. Namely, since we know (0, ¢[1,m;) = Y, (6, ¢)
we have

(0, lLs;jym) = > V" (0, ¢)]s, m)((my, mglj, m), (3.148)

myp,ms

where the last factor are the Clebsh-Gordan coefficients for the decomposition of
the |j.m) states into |mj, mg)) states.

3.7 Tensor operators

Until now we have been interested in how states transform under rotations. Now
we will take a look at how operators transform under rotations. A tensor operator
is really a set of operators whose expectation values transform into each other
in exactly the same way as classical tensors when one performs a rotation of
the system. The simplest case is a scalar operator. In this case the set contains
only one operator which consequently transforms into itself under rotation (i.e.
it does not transform at all). The simplest non-trivial example is given by a vector
operator. It is given by a set of three operators, let us call them Ve, V and V., or,
collectively as Vi. To find out how it transforms under rotations we first notice
that under a rotation any state |a) transforms into R|) and thus we find the
quantum mechanical transformation of an arbitrary expectation value as

(a|Vi|o) = (| RTViR|a). (3.149)

The requirement that this should transform as a classical vector for the expecta-
tion value of any state |a) now gives us

RYWViR = Z RV, (3.150)
k
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where R, ¥ is the classical rotation matrix. To be concrete, let us do this explicitly
for an infinitesimal rotation around the z-axis. We have

T 2\ -~ i s N .
(1 + heJZ> Ve (1 — heJZ> = Vp — €V,

(1 + ;ejz) v, (1 - ;@) =V, + Vi, (3.151)

T o2\~ i - .
1 7 €Jz N1 ——ed, | =V..
(+ha>v< heJ) %

Expanding and equating terms of order € on both sides gives us the commutation
relations

], V] = int,
[Jz,f/y} = —ihV,, (3.152)

2. =0

The same calculation for infinitesimal rotations around the = and the y axis gives

>
>

N

the complete commutation relations
{JA@',V;’] = ihe;i V- (3.153)

In fact, we can now turn things around and take this as the definition of a vector
operator. Here it is interesting to observe that the classical rotation matrix is the
same as the spin 1 representation of the quantum operator R (notice the hermi-
tian conjugation) although written in complex notation. Namely, if we reshuffle
the components of V; a bit and define

N 1
Vii=——% (Ve +1iV,),
+1 ﬂ ( y)
Vo=V, (3.154)
N 1
Voi=— Ve —1iV,),
1 \/§ ( y)
we can write the classical rotation as
1
R'V,R= > Vy (1,d|R'1,q). (3.155)
¢'=-1
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Let us try it explicitly in the rotation around the z-axis that we computed in
(3.151). Classically we can compute that the rotation should give

V+1 — V+1 + i6V+1,
Vo — Vo, (3.156)
V_l — V_l — iEV_l,

which we can write in matrix form

1+ O 0
(Ve Vo Vi )= (Vi Vo Viq) 0 1 0 ,(3.157)
0 0 1-—z7e

in which we indeed recognize the infinitesimal form of the spin 1 representation
of the rotation matrix Rl = ei’*¢ ~ 1 + %jze This property can similarly be
checked for the other rotations around the x or the y axis. (Do it as an exercise!)

We may now similarly define other types of tensor operators. For instance, a
classical tensor T} .. transform under classical rotations as

ik

so the definition of a tensor operator would be that

Ry =Y R'RIRY - Ty, (3.159)
,[:/j/k/

or, infinitesimally
[jayTijk..} =ih (Gai Tk + 6ajj Tijik... + €a” Tijrr + .- ) . (3.160)

This is all fine except for one thing. It turns out that the components of an arbi-
trary tensor operator ka do not transform into each other irreducibly. That is,
there are subgroups of components which transform into each other and do not
mix with the other components. This indicates that the tensor operators defined
in this way are not the tensors we should use if we want to consider operators
that transform as simple as possible under rotations. In other words, we need to
decompose the tensor operators as defined above into their irreducible subsets
just as we needed to decompose the angular momentum states into irreducible
subsets. However, the example above with the vector operator teaches us how to
find the irreducible subsets. Namely, we need tensors such that the classical ro-
tation can be written using an irreducible representation of the rotation operator.
That is that we can write

70 3Tk, o | Rk, q), (3.161)
q/
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for some fixed k so that the rotation operator is in the k (that is the 2k + 1 di-
k)

is called an irreducible tensor or a spherical tensor. Thus, the defining equation for

mensional) representation. A tensor 7, q( that transforms in this irreducible way

spherical tensors of rank k is

RITM R =31k, /| R [k, ), (3.162)
q
or infinitesimally
[j Tk ] STk, o |ifk, ) (3.163)
q

Since the matrix elements of .J4 are nicer, let us write the commutation relations
in terms of them as

[Ji, } STk, o Tk, q) =
q’

Zh\/k k+1) —qlg+ DT (k. o'k, q £ 1), (3.164)

and using the orthogonality of the angular momentum eigenstates we have

[ji, Tq(’“)} = n/k(k+ 1) — q(q = )T, (3.165)
For J, we similarly have

[JZ,T ’ﬂ} ZT &, | .k, q) = Z 'hg(k, o[k, q) = hT.¥3.166)
q

Thus we see that the commutation relations are very similar to the way the an-
gular momentum operators act on the angular momentum eigenstates.

One may ask if it is always possible to decompose an ordinary tensor opera-
tor transforming according to (3.158) into “sub tensors” transforming according
to (3.161). That this is true one may argue as follows. We know that each R, " s
a spin 1 representation of the rotation operator. Thus T . actually transform
like a collection of independent spin 1 spins so that the problem of decompos-
ing the tensor is the same as finding the total angular momenta when one adds
a number of independent spin 1 spins. This we have shown how to do in the
previous section, it is essentially done by finding the Clebsh-Gordan coefficients.
Let us illustrate this with a simple example. We can make a two index tensor by
multiplying two vectors. That is define

T’ij = UJG (3.167)
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This is usually decomposed in the following suggestive way

Uu-v (UV; = ViU;) | ((UiV;+Vil;)  U-V
Ty =3 2 * 2 B

5ij +

5ij> (3.168)

The first term in this “expansion” is just the scalar product of the two vectors U
and V. It is clear that it is invariant under rotations. Thus, it forms an invariant
subgroup of tensor components. The second term is nothing but the cross product
U x V which transforms like a vector so it also forms an irreducible subcompo-
nent. The third term is a symmetric and traceless tensor. It can be shown to form
a spin 2 representation. Now let us try to see the same thing by using the “sum of
spins” idea. The spin 0 wave function that we get when we add two spin 1 spins
we find using the methods introduced earlier to be

1
0,0) = 7 (]1,-1)) = 10,0)) + |-1,1))). (3.169)

Thus we expect that the combination
Tyq,-1—Too+T-1,41, (3.170)

should transform like a scalar (that is, not transform at all). Using (3.154) we can
see that this combination is indeed equal to (minus) the scalar product of U and
V so that this is indeed true. The other components can be verified similarly
(exercise!).

3.8 The Wigner-Eckart theorem

So far we have been looking at how the spherical tensor operators transform un-
der rotations. Now let us take a look at how they act on states. This information is
contained in (infinitesimal version of) their definition as derived in the previous
section

|:ji, Tq““)} = hV/k(k+1) — qlg = DT,

[L,T;’“)} = hqT M. (3.171)
Using these relations we may first of all, find the rotational properties of states
created by Tq(k) acting on states that do not transform under rotations (that is on

the state |0, 0)). Namely, using the commutation relations above and that .J acts
trivially on |0, 0), we have

JeTP10,0) = [, 0] 10,0) = n/k(k + 1) = alg £ DT, [0, 0),

~

JT{010,0) = [jZaTq(k)} 0,0) = hgT |0, 0). (3.172)
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Thus we see that the angular momentum operators act on Tq(k) |0, 0) in exactly the
same way as on a state |j, m) with j = k and m = ¢. That also tells us something

)

about the matrix elements of the operator Tq(k .Namely, since (j, m|k, q) # 0 only

if j = k and ¢ = m we have
(G, m|T#10,0) £ 0 iff j =k, m=q. (3.173)

This (including the generalization to other states than |0,0)) is essentially the
Wigner-Eckart theorem. To be able to state it in all generality, we need now study

what Tq(k) does to an arbitrary state |j, m). In the same way as above we find

JAW i, m) = TW J,[j,m) + [JZTq(k):| j, m) =
hmT{F)|j, m) + hgT{M|j, m) (3.174)

FIOlm) = 10 Tl m) + [70, 7] . m) =

h\/j(j +1)—m(m=+1) Aq(k)|j,mi 1) +

k(R + 1) — qlg £ DT ], m).

Compare this to how the angular momentum operators act on a product state
lj, m) ® |k, q) (that is, on a state describing two independent spins, one with spin
j and one with spin k). Then we have

T (lm) @ [k.a) = (Llim)) @ fk,a) + i, m) © (Folk,a)) =
(hm + hq) |j, m) ® |k, q), (3.175)
Je () © i o)) = (Jelim)) @ [k q) + ljom) © (Jelk,a)) =
hi(j+1) —m(m+1)jm+1) ® |k q) +
h/k(k+1) — q(g £ 1)]j,m) ® [k, q = 1). (3.176)

Comparing these two results we see that they are exactly analogous!! This means
that we can expect that the state Tq(k) lj, m) behaves (from the point of view of
rotations) like the product state |m, q)) = |j, m) ® |k, q). From our previous dis-
cussion we know that we can decompose this into irreducible components

[T M) = e glm, q)), (3.177)
m,q

where the constants c,, 4 are the Clebsh-Gordan coefficients. Thus we may for in-

stance expect that (J, M|Tq(k) lj, m) # 0iff the Clebsh-Gordan coefficient ((m, q|J, M)
is non-zero. As we know, this requires that |j — k| < J < j+kand M = m+gq.
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Let us now try to prove this a little bit more carefully. To this end define

|A(J, M) Z T3, ') (o, |3, M).. (3.178)
Then we have
> A, M))(J, M|m, q)) = (3.179)
J,M

~(k).
ST, wy (|| 13, MYI M [m, q)).
m/7q/

J.M

and since }_ ; ,, [J, M)(J, M| = 1 in each subspace of fixed J, we have

T3, m) = " [A(T, M))(J, M|m, q)), (3.180)
J,M
or, that
(3 MITF i, m) = > (I MIAJ, M) (I, M|m,q)).  (3.181)
J' M’

We need to find what kind of state |A(J, M) is. This we do by acting with the
angular momentum operators on it. Using the commutation relations of J with
T we get

J|A(J, M)) Zh g +m) TP j, m)((m, q|J, M). (3.182)

Since we know that the Clebsh-Gordan coefficient is non-zero if and only if ¢ +
m = M we may write this as

J.|A(J,M)) = EM|A(J, M)). (3.183)

Similarly we have

T A M) =37 (/GG +1) = mlm = DO, m + 1){(m, al, M)+

q?m

k(R + 1) = q(g £ DT i, m) (m, ql, Mg)1s4)

By shifting the sums we may write this as

> 20, m) (VGG + 1) = mm F Dm F 1,q1d, M)

+hy/k(k+ 1) — q(q F 1)((m, q F 1|7, M>) . (3.185)
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Now we can use a property of the Clebsh-Gordan coefficients which can be easily
proved using the angular momentum commutation relations

Vi@ +1) = m(m F 1){{m F1,q|J,M) +
VE(E+1) — (g F D {(m,q F 13, M) =
VI(J+1) = M(M £ 1){(m,q|J, M+ 1). (3.186)

This gives us

JL|AJ, M) = B/ J(J +1) = M(M £1)|A(J,M£1)).  (3.187)

Thus we see that |A(J, M)) fulfills exactly the same relations as the state |J, M).

Thus |A(J, M)) must be proportional to |J, M) with a constant of proportionality

that does not depend on M but only on J! That is, the constant of proportionality

can be different for different J but for each fixed J it is the same for all M. We

thus have

ITH15)
V2i+1 7

where we (conventionally) have introduced the so called reduced matrix element

(J,MIA(J',M")) = 65,000,017 (3.188)

(J||T™]|5) to write the constant of proportionality. As indicated it depends on
the j, J quantum number and of course on the tensor 7*), but it does not de-
1

pend on the particular M, m and ¢ quantum numbers. The factor 71 s purely

conventional. This enables us to state the Wigner-Eckart theorem
T3
V25 +1

This tells us many important things about the matrix elements of spherical ten-

(I, M|TM]j,m) = ((m, q|J, M). (3.189)

sors. First of all, the matrix element is zero unless |j — k| < J < j + k and
M = m + q and secondly, for fixed J and j, the rotational properties of the
spherical tensor T®) are completely contained in the Clebsh-Gordan coefficients
({(m, q|J, M). In particular, we need only to calculate one matrix element for some
given (preferably particularly simple) values of M, m and g and the other matrix
elements follow automatically.

Exercise 3

1. Calculate
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Scattering theory

Let us now turn our attention to scattering theory. In scattering theory we study
quantum mechanical problems where we have some incoming free particles (state)
which scatter on something located at some particular point in space. This means
that the Hamiltonian in these problems is always of the type

~ I)2

H=—4+YV 4.1
where the potential V' (x) is non-zero only in the small region of space where the
interaction (scattering) takes place. Thus the Schrédinger equation can almost

everywhere be written

p2

2m

which is just the Schrodinger equation for a free particle with the usual plane
wave solutions. We thus expect that the full solution should look very much like
a plane wave. We will study only elastic scattering which means that the energy

0) = ine 4, 42

(and probability) will be conserved in the process and we will study the static
problem by throwing a continuous stream of particles at the target rather than
particles one by one. The question will thus be: if T have a certain incident stream
of particles, what out-coming stream of particles will I have. This makes it possi-
ble to study the time independent Schrédinger equation which simplifies things
considerably.

4.1 The Lippman-Schwinger equation
Let us thus study the (time independent) Schrédinger equation

(Ho+ V) [v) = Blw). (+3)
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where V is non-zero only in a small region of space. Formally, if we knew how to
“divide” by an operator, we could write the (implicit) solution to this equation as

1.
- E_ }AIOV’W + ’¢> (4.4)

[¥)

Here |¢) is an arbitrary state which satisfies Hy|¢) = F|¢). This ensures that
when we hit both sides of the equation with the operator £ — Hy we get back the
original equation. In the limit where the potential vanishes we get that |¢)) =
|¢). This way of writing the Schrédinger equation is known as the Lippman-
Schwinger equation. In the form it has now it is purely formal since the operator
E%% is singular when acting on for instance |¢). To make sense of it, we need to
give a prescription how make the inverse operator always well defined. This we

do in a fashion inspired by the propagator in the first section. Namely, we let

1 1
— S lim—————
E—Hy ¢0E— Hy+ie

(4.5)

which means that we do all calculations with € # 0, giving us a well defined
inverse operator, and only in the end do we let ¢ — 0. The sign of € we will have
to determine from the physical situation, just as in the propagator case in the first
section. In the coordinate basis we can therefore write this equation as

1

(x|y) = (x[¢) + <X\mw¢>a (4.6)

and, inserting the unit operator in the form 1 = [ d®x|x) (x| we get
1
E — Hy £ ie

To be able to use this expression we need to know the form of the inverse operator

@wzww+/f#w ) (| V[ (47)

in the coordinate basis

1
) = [ i (xlp) (o
— 110

]‘ / /!
—_— x). (4.8
E_Hoiielpﬂp\ ). (438)
Using the explicit form of the wave function (x|p) = e#*P and that the states
p) are eigenstates of the Hamiltonian Hy = 5 we get
1 ipx 5(3) o iplx!
) = [apity o TER ) A
E — Hy*ie (2mh)2 (E = ie) (2mh)2
m

Fp-(x—x)
% /d3pehz_ (4.9)
(2mh) (B- g +ic)



82 Scattering theory

It is easy to see that this is in fact the Fourier transform of the free space propa-
gator of the first section. Namely, in the first section we computed

3 )
d’p ’ t§—2

K(x,t) = K(x,t;x',0) = /(2h)36_ P () 4 0,
s

K(x,t)=0 t<0. (4.10)

The Fourier transform (in the time coordinate) of this is
oo .
L(z,E) :/ dtK (z,t)en?t, (4.11)
0

and performing the integral gives exactly the inverse operator (4.9). The expres-
sion we have found is thus the propagator, but not from one particular time to
another but rather for particles with a fixed energy. This is appropriate for our
problem where we study the static situation with a steady flow of particles, all
with the same energy F.

The integral in (4.9) can be performed using exactly the same methods as when
we found the original propagator. The result is

1 , 2% eii|xfx’|k

e = 4.12

<X|E—H0:tie|x> Arh? |x — X/| (412)

Here the + signs refer to the +-ie signs and k is related to the energy by F = %

Using this we may now write the Lippman-Schwinger equation as

om e:l:i\x—x’|k N

= - | B | V|Y). 4.13

() = xlo) — G [ e eIV ) (1.13)

Written in this form, the equation has a very nice interpretation but to emphasize
it more clearly, let us make the assumption that the potential is local. This means
that (x|V|x’) = V(x)6®) (x — x). This is not a very severe restriction, for in-
stance, all potentials which depend only on coordinates are in this class. For local
potentials, we may write

x|V ]es) = / @ (x[ V) o[ =

V(x) / x5 (x — x') (x|) = V() (x[1), (4.14)
which, inserted in the Lippman-Schwinger equation, leads to
_ m 5 eFilx—x'|k L
() = (xlo) — g [ Ve @)

The interpretation is as follows, on the left hand side we have the full wave func-
tion observed at the point x. It is given, on the right hand side as the sum of (x|¢)
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which is the coordinate representation of a free wave, representing the incoming
particles', and the second term which represent the interaction with the poten-
tial. The integral is over points where V' (x’) # 0 since if V' = 0 there are no
interactions. The interaction also depends on the magnitude of the wave function
at the point x’. If the wave function is zero at X/, there is no particle there which
can interact with the potential. After the wave function has interacted with the
potential at x’ it is propagated out to x using the free propagator. The integral
sums over all possible points of interaction.

With this interpretation in the back of our minds, we can go on and simplify the
Lippman-Schwinger equation even further. That is, let us assume that the point
x where we observe the wave function is far away from the region where the
potential is non-zero. We can choose the origin of our coordinates precisely in this
region which, since x’ is also in this region, leads to the assumption |x| > |x|’.
In this limit we have

, r! 7,/2
‘x—x‘:\/r2+r’2—2rr’cosa:r l-2—cosa+ — =~
r r

/
X - X
r—r'cosa=r—"—"-._ (4.16)
r

Using this approximation, the expression for the propagator simplifies to

. . /
eii|xfx’\k eiikreq:zk%

dr|x — x| Amr (#.17)
Since we know that the energy is not changed in the scattering process (elastic
scattering, remember) we know that the momentum of the outgoing wave is the
same as the momentum of the incoming wave. The only thing that changes is
the direction of the momenta. Thus we know that the outgoing wave-number
k' = k. Using this and that the incoming wave function is a plane wave N etk
with wavenumber k, we can write?

2m 6:i:ik’/‘

_ gtkex 20
(x|} = e W2 Anr

/ X e TR XY (X ) (X [). (4.18)

The first term on the right hand side is the incoming plane wave with momentum
p = hk. The second term is a spherical wave (times the integral which does not
depend on x anymore). The sign in the exponential of the spherical wave tells us if
it is moving outwards (+ sign) or inwards (— sign) and since the physical situation

1 Remember that |¢) is a solution to the free Schrédinger equation Ho|¢) = E|¢). We will choose it to be

|¢) o |k), that is, an incoming plane wave with wavenumber k related to the momentum k = %

2 Notice that we in principle should choose the normalization factor N to represent the actual incoming flux
of particles, however, since this will just multiply the outgoing flux by the same parameter, we may
without loss of generality choose N = 1
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that we want to describe is that the second term represents the wave coming out
after scattering on the potential we have to choose the + sign (which also tells
us to choose the + sign in the original expression for the inverse operator). Thus
we see that Lippman-Schwinger tells us that in any scattering problem the wave-
function (at large distance from where the scattering takes place) must take the
following form

ikr
(xfuh) = [+ S F 1K) (19)

where the first term on the right hand side is the incoming wave and the second
term represents the scattered, outgoing wave. The function f(k, k') is a function
of the incoming (k) and outgoing (k’) wave numbers. In fact, since [k| = |k'| = k
it is just a function of k and the angle between the vectors k and k’. The explicit
expression for it is given by

1 2m —ik X’ ~
fK) = =~ [ &X' (X V]y) (4.20)

4.2 The cross section

In the experimental situation one is usually interested in shooting a continuous
stream of particles at a target and then measuring how much of the stream of par-
ticles is deflected. However, the outgoing flow of particles is of course dependent
on the incoming flow. The more particles we throw in, the more we get out. To get
a number which is independent of the particular flow we chose to use in the ex-
periment, people have invented the concept of cross-section. Simply said it is just
the outgoing flow divided by the incoming flow. That is, we define the differential
cross section as

do 4O — # outgoing particles going through d{2 per unit time

dQ) # incoming particles per unit time and unit area

(4.21)

To be able to calculate the cross section for any process that we are interested
in, we need to figure out what the incoming and outgoing flows are in our case.
To be able to do this we remember that the density of probability (which can
be interpreted as the density of particles) is given by p(x) = |1(x)|. The time
derivative of the probability density is

t
@_81/; w_,_w’f

9Pt %
ot ot

5 (4.22)
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and using the Schrédinger equation (for the free particle) and its complex conju-

gate
O h2V2
Zha T 2m ¥,
oyt mPv? L
_Zhﬁ =5 YT, (4.23)

we can write this as

L= (= S - . (4.24
ot = am (- (T) ¥ v (V) = 509 (W1Ve - Velu). 2y
We see that if we define the current j = % (V@/}WJ — wTV¢), the above equation
takes the suggestive form
Op
ot
This is nothing but the equation of continuity for the probability density so we

+V-j=0. (4.25)

must interpret j as the probability current which is what measures the flow of
particles. To see this even more explicitly, let us write the integral form of the
continuity equation. If we call the number of particles in a volume N it takes the
form

dN .
dt‘l‘il’lj—@ (4.26)

This we interpret to mean that the change of the number of particles per unit term
(the first term) equals the flow of particles per unit time through the surface (the
second term). We read off from the second term that the flow per unit time and
unit area must be n - j. This is therefore the flux! This we can use to compute the

incoming flux for a wave function® e?**

j.— % ((_ike—ikz) pikz _ ik <ikeikz)> _ %,

Jz = Jy = 0. (4.27)

representing a free particle moving in the
z direction

On the other hand, if we have a wave function

ikr

flk,X), (4.28)

r
which represents a spherical wave propagating outwards, we can compute the

flux through the area element 72dQ2 by computing - j at some large value of r.

3 The precise normalization of the incoming wave represents the flux of incoming particles and in fact drops
out when calculating the cross section
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Using
v glov 1 0w
vy ~or +07" 00 +<ZSrsir19 09’ (4.29)
we find
2
ﬁ.j:@@_ (4.30)
m r

This is the flux through the area element r2d{) which means that through the
space angle df) we have % |f \2 particles per unit time giving us the expression
for the differential cross section

d
£ =|f]?. (4.31)

Thus we see what we have to do to calculate the cross section. We just find the
full static wave function of the problem with the correct boundary conditions (the
incoming wave is a plane wave) and write it in such a way that we can identify
f(k, k). This we now proceed to do in various ways.

4.3 The Born approximation

The simplest and most intuitive way to find the wave function is when the poten-
tial V' is in some sense “small” and can be thought of as a perturbation. Then we
make the ansatz

1) = Oy + [ D) + [p@) + ..., (4.32)

where [1)(") should be thought of as being of order V™. Inserting this into the
Lippman-Schwinger equation we get

@) + [y + @) + = ¢) +

L 14 (y¢<0>> + MY 4 [Py + ) . (4.33)

E — Hy + ie
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Equating terms of the same order on each side of the equations gives us a set of
recursion relations

W%=w71
M) = mfflw(‘”%
1 R
@) = mvw(l)),
: : (4.34)
1 R
)y = mvw(n_l)%

which can be easily solved to any given order since we know that |¢) is a plane
wave. Then we have

@) = |4),

ay__ L

W) = V1)

) S /SR — (435)

" E—Hy+ie FE— Hy+ic

Written in this way the expansion have a very nice interpretation. Namely, since

we know that is the free particle propagator we get the interpretation

T hore
that [1)(9) is just the non-interacting incoming wave, [¢)(!)) is the incoming wave
interacting once with the potential and then propagating to the position where we
observe the wave function. In general \w(“)) is interpreted as the incoming wave
interacting for the first time with the potential, propagating like a free particle,
interacting for the second time with the potential, propagating like a free particle,
interacting again and so on n times.

Let us compute the explicit form of the cross section (or rather of f(k,k’)) to
lowest non-trivial order. This result is known as the first Born approximation. In
the coordinate basis we have

1
Oy — (x| =

X X =
< |w > < ‘E—Ho—i-lf

1

— X){X|V|k)4.36)
TV

Vi) = [ (x|

where we have inserted a unit operator. This is easy to evaluate since we have
already calculated the coordinate space representation of the propagator (4.12).
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Furthermore using that the potential is local we write

2m eik\x—x’| i
(x|p) = P 3X/WV(X/)€ e (4.37)

which, in the |x| > |x/| can be further simplified to
2m eikr
C4mh? 7

Thus, to this order of approximation, the full wave function in the coordinate

<x[¢(1)> ~ /d?’x'ei(k_k/)'XIV(X'). (4.38)

representation and far away from the center of scattering is

/ d3x/ei<kk’>'X’V(x’)> , (4.39)

which, when we compare it to the general form of the wave function (4.19) we

2m eikr

 4mh?

(elu®) + () = (e

can read off what f is

2 , " oxc!
FleX) =~ "ZQ / dBx kKXY (), (4.40)
T
We see that f to lowest non-trivial order is essentially the Fourier transform of
the potential.
This procedure can of course be continued. At the next order we get
1
(2)_/d3//d3// "NV (x'
x x X (X| ———x)V(x')
(<) el POV )
X | ——|x" V(") (x"|K). (4.41)
XV B

Notice that here we can only simplify the propagator between x’ and x since
both x’ and x” is in the region where V' # 0 and thus are of the same order of
magnitude.

Let us evaluate the cross section at lowest order for a concrete potential. We
take the potential to be

e HT

pr

Vir)y="V (4.42)
This potential is local and for small r (r < i) it looks just like the Coulomb
potential % For large r (r > i) however, the exponential suppression makes it
effectively zero. Thus the range where the potential is non-zero is for r < i Now

let us calculate the cross-section. We have

fkK) = —%% dPxe!kK)xy (x), (4.43)
7T
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which, since V is a function only of r, we can write as

12 2m ™ ] )
fkK) = _ET;% i d¢/0 do sme/o drr?e'dr sV (r) =
2 oo
— m2V0 / dre " singr, (4.44)
ph?q Jo
where we have introduced the vector q = k — k’. The final integral over 7 can be

performed by using that we know that ¢’4" = cos qr + i sin ¢r and thus rewriting

the integral as

2mVy & , 2mVy 1
fkK)=— %[ dre “rezqr]:— %[ .}:
(e k) ph?q o ph?q [ —iq
2mVy
——5 5. (445
i+ )
To calculate ¢> we use that we know that |k| = |k’| = k and assume that the

scattered angle is 6, that is that the angle between k and k' is 6. This gives us

¢ =[k-K[

9
= k% + k" — 2kk cos 0 = 2k? — 2k? cos § = 4k? sin? 5(4.46)

Everything together now gives us the differential cross section

2
do 9 2mVy 1
—_— = = 4.47
dQ £ ( ph? 2 4 4k2 sin? g) (4.47)

We can compare this with something we know (scattering on the Coulomb po-
tential or Rutherford scattering) by taking the limit ¢ — 0 keeping % fixed. Then
our potential reduces to the Coulomb potential and the cross section goes to

<2m Vo ) 2 1 (4.48)
7 10 :
ph? 16k4 sin? 3

which indeed is the Rutherford cross section.

Since this way of solving the scattering problem is an approximation, it is im-
portant to ask ourselves how far we can trust it. Our basic assumption was all the
time that the successive wave functions |1)(")) become smaller and smaller for
each successive n. In particular this has to hold in the region where the potential
is non zero since what we do in the first Born approximation is really to replace |1))
in (4.13) with |¢). Therefore, to check this we should evaluate the wave functions
at x = 0 for a “typical” potential and see for which data (range of the potential,
energy of the incoming particles etc) the approximation breaks down (i.e. where
the perturbation to the wave function |1)())) becomes of the same order as the
whole wave function. To this end let us assume that we have a potential which is
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non-zero for r < a for some number ¢ and in the non-zero region it has average
value V. We have

‘<X|’¢)(O)>’ _ eik-x -1
omve a eikz|x\/ .,

We see that for the approximation to be good, we need that |(x = O\w(o)ﬂ >
[(x = 0w(1)>‘ or, in other words, that

a ik|x|’
2mVO/ Bx'C | leik~x’
471'7_12 0 |X|/

<1 (4.50)

First let us assume that the energy of the incoming particles (given by k) is small
compared to the range of the potential (given by a). That is, assume that ka < 1.
Since |x/| in the integral is always less than a we can put ehxl etk x'

Then the integral is easily done

2 a iklx|" , ) 2m ™ a 1
mVo/ d3x' < x| ’mVQO/ d(b/ do sinﬁ/ dr'r’? =
0 4drh 0 0 0 r!

4h? x|’
2
'm‘};—ga('cx.sn

The requirement is therefore | V| < mh—; which means that the potential cannot
be too strong (i.e. Vj big) or of too long range (i.e. a big) if the Born approximation
should be good at low energy. At high energy (ka > 1) on the other hand, we

have the requirement

omVi 2m ™ a ikr’ cos 0 jikr’
Sy / do / 9 sin 6 / I (4.52)
47h 0 0 0 r!
Doing the integral over the angles, we get
Vo [ -
lehg /0 dr’ (62”“’ - 1) : (4.53)
and then the integral over 7’ gives us
mVy /.. ; Voma
Yo <2zka — e%ika 4 1) ’ ~ 2| (4.54)

where we have used that ka >> 1. This leads to the requirement

h2
Vol < Wka. (4.55)
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Notice that this is the same requirement as in the low energy case, but multiplied
with the (large) factor ka. Thus we see that the Born approximation becomes
better and better when we increase the energy. This can be intuitively under-
stood since for high energy (which is equivalent to high velocity) the particles
go through the potential region very fast and there is no time to interact many
times with the potential. Thus the first order Born approximation (which is, as
you remember, given by restricting the number of interactions to one) should be
good.

4.4 Partial waves

In view of the above restrictions of the Born approximation, it is important to
find other, non equivalent, approximations in which the scattering problem can be
solved. One such methods starts by the assumption that the potential is spherically
symmetric (but there is no assumption that the potential is “small” or of finite
range as in the Born approximation). That the potential is spherically symmetric
means that it is invariant under rotations, which, as we know from our discussions
on angular momenta means that V commutes with L and in particular with L?
and L. Since H = % + V and p? also commutes with the angular momentum
operator we can choose energy eigenstates that are simultaneously eigenstates of

L2 and L.. Therefore, let us use these eigenstates to expand an arbitrary wave
h2k?

function with energy £/ = "5 in the coordinate basis as
Yr(z) =Y Riey(r)Y™(0,9). (4.56)
lm

In fact, in our problems, since we can always choose the incoming wave to be
a plane wave moving in the z direction, the fact that the potential is spherically
symmetric tells us that no wave function can depend on ¢. The only ¥;” indepen-

dent of ¢ is Y,? = 237—;13(008 6) so the wave function can actually be written
even simpler as

20+ 1
Ur(@) =Y fra(r)Y(0,6) = > Ryi(r)y/ ———Fi(cosb).  (457)
k zl: k,l l Zl: k,l An l

In fact, any function of only # can be decomposed in such a way, in particular
f(k,k’) which depends only on 6 in the case where the potential is spherically
symmetric is usually expanded in the following way

o0

FOe, k') = £(0) = (20 + 1) fi(k) Pi(cos ). (4.58)

l
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The factor (2{+ 1) is purely conventional and could be included in f; for instance.

The resolution of a plane wave

Also the incoming wave function o< e?#* = #7239 i5 a function of only 6 and can

be expanded in this way. There are quick and dirty ways to find this expansion,
but let us do it more carefully. Let us first find the basis functions we want to use.
That is, let us solve the free Schrédinger equation in spherical coordinates

21.2
V(@) = () (459)

Making the ansatz v (x) = Ry(r)Y;"(0,¢) and using that the Laplacian in
spherical coordinates can be written

Cr2or or r2 \ sinf 06 or sin? § D2

r 2
_ 19 <r28> L (4.60)
or

r2 Or h2r2’

we see that the Schrédinger equation reduces to the radial equation

1d{(,d I(1+1) o
< 2 ar <7” drRkl) + 3 Rkl) = k* Ry, (4.61)
or
d’Ry; 2 dRy 5 ll+1)
L (k e )sz 0. (4.6

This equation has the solution

I .
1 1 d sin kr .
R = (1)) (s ) T = ), 469
and the linearly independent solution
l
2 1 d cos kr
Rl(cl) = (—1)(l+1)(k:7~)l <kr d(k;r)> o = ny(kr), (4.64)

which is however singular for » = 0. These functions are known as spherical
Bessel functions. They are related to the ordinary Bessel functions by

s

Ji(x) = (Zx
mi(@) = (=) (

1
) ’ Jl+%(x)a
™

%) ? T (@), (4.65)
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Their asymptotic properties are given by

l

x
tim @) = o
(20 — )N
ili% ny(z) = T o
(4.66)
and
o 1 m(l+1
xlggojl(:c) = _cos [x - (2)] ,
1 [+1
lim n;(xz) = —sin [w - W(H] . (4.67)
T—00 X 2
Thus we have found that any solution with energy £ = of the free Schrodinger
equation can be written as
Un(@) = D (chabinlhr) + 2l kr) ) Y7 (0, 6). (4.68)

lm

In the cases we are interested in there is no dependence on ¢ so m = (0 and since
ny is singular at the origin we can set ¢(2) = 0 for solutions which are non singular
at the origin. In particular, turning back to our plane wave, we can write

etk — gikrcost — Z cji(kr)Py(cos ), (4.69)

for some constants ¢;. The coefficients can be determined by comparing terms on
both sides of the equation. To make it simpler, let us compare for » — 0. On the
left hand side We have a power series in (k7 cos ) which the coefficient of the

I-th term being & l' On the right hand side j; goes like (Q(H_il),, and from P; we need

the cos! 6 term which can be found from the formula
1 d

Pi(cos 6) = 20! d(cos )

(C082 0—1), (4.70)

to have coefficient 29" which tells us that on the right hand side the coefficient

201
. . . )!
multiplying the (k7 cos #)! termis ¢; (2l+(12)!)!211!l! = (2l(-?—1))'l'

Equating this we get

a =i'(21+ 1), (4.71)
which gives us the final expression

ethz — Z(Ql + 1)ij;(kr)Py(cos 6). (4.72)
1



94 Scattering theory

It is interesting to see how this expression looks like for large r. Using the asymp-
totic expressions for the spherical Bessel functions we can write

= g —_ ——— 1P =
e : o cos |kr 5 ) (cos 0)

3

S CEDT (i g it preoss) = @y
r

l

20+ 1)i! : :

Z( 2—; )Z ((_i)l+1ezkr+il+1671kr) P[(COS@) _
T

l

Z (2l -+ 1) (eik;r o e—i(kr—wl)) B(COS 0)
l

We thus see the interesting fact that a plane wave can be written as a linear com-
bination of one incoming and one outgoing spherical wave.

General formalism

Having everything written in spherical coordinates we can now proceed and solve
the scattering problem. The general solution of the wave function (4.19) can now
be written, using (4.72) to write the incoming part and (4.58) to write the outgoing
part, as

ikr

(x[1h) = (21 + 1) Pi(cos b) <il ikr) + < fl(k)> : (4.74)

r
l

At large values of r (we observe the wave function far away from the scatterer
remember), using (4.73) this simplifies to

e—i(kr—lﬂ) ikr

(x|yp) =) (22;1)3(@%) (—T + er (14 Qikfl(k:))> .(4.75)
l

We see that the full wave function is, in the same way as the plane wave in the
previous section, just a linear combination of an incoming and an outgoing spher-
ical wave. The only thing which changed as compared to the plan wave (4.73) is
that the coefficient of the outgoing wave changed from 1 to S; = 1 + 2ik fi(k).
One way to get some hold on what f;(k) can be without doing any calculation
is to observe the simple principle that “what goes in must come out” (in the case
of elastic scattering of course). This means that the flow of probability into the
region must be the same as the flow out. Now we can use that in (4.30) we found
an expression for the radial probabilitil_ current for an arbitrary wave function.
That is, for a general spherical wave geTm (g cannot depend on r) the probability
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current is

hk

— 91, (4.76)

jr =
or, the flow through the area element ?d(2 is % | g|2 dS2. From this we find that the
requirement that the probability is conserved leads in our case to the requirement
that the coefficient in front of the outgoing wave has the same absolute value
as the coeflicient in front of the incoming wave. Because of angular momentum
conservation, this has to be true for each [ separately. This means that for each [
we have

1 =11+ 2ikfi(k). (4.77)
This condition is easily solved by saying that .S; is a pure phase, i.e. that
Sy =1+ 2ikfi(k) = 2. (4.78)
Inserting this back in the wave function we have
—i(kr—lr)  gikr+2id)

o) =3 D pcos) (—e 4 ) . @79

l 2ik T r

We see that the only thing that the potential does is to change the phase of the
outgoing wave with §; being the phase shift. To be complete we also express f; in
terms of the phase shift. We have

Si—1 e —1  ePiging 1
e — . (4.80)

2ik 2ik k kcot 6; — ik

As a consequence of this we can relate the imaginary part of f(6 = 0) to the

total cross section. It is known as the optical theorem and it follows from just the

Ji

conservation of probability (which is the only thing we have used) so it holds

quite generally. Namely, since the differential cross section is j—g =|f ]2 we may

calculate the total cross section as

d
o= /de?2 = /dQ %:(2[ + 1)(2U" + 1) £ fi Py (cos 0) P(cos ). (4.81)

Then we may use the orthogonality properties of the Legendre polynomials

4
/dQPy(cos 0)P(cosf) = 51’”%’ (4.82)

to find
o=4r Y (2 +1)|fi. (4.83)
l
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On the other hand we can calculate the imaginary part of f evaluated at § = 0
(forward scattering). This we calculate to be

S0 =0) =) _(2+DPD)SAHE) =D Q2+ DSfi(k). (484
l l

But now comes the trick. We have used the conservation of probability to show
that we may write f; as

el gin §
fi=— (4:85)
and from this we derive
sin2 (51
|fl|2 = k2 5
sin?§
Sfi=——=kIAf". (4:86)
Thus we find that
ko
SF(h=0) = 22 4.87
SF0=0)= 1. (4.87)

which is known as the optical theorem.

It is now clear how to find the cross section using the method of partial waves.
We need to find the wave function far away from the scattering area. We have
shown that it always looks like in (4.79) so writing it in this form we can just read
off the phase shift §; and then we have

e gin 6,
0) = 20+1)———PF, 0), 4.88
f0) =) (21 +1)———Pi(cost) (4.88)

l

which gives us the cross section through j—g =|f |2. To find the wave function
we have to solve the (radial) Schrédinger equation which can be done in many
ways. If the potential is simple enough it might be possible to do it exactly. If the
potential has finite range so that for large r it is equal to zero, we can solve the
radial Schrédinger equation (even numerically, if necessary) in the region where
the potential is non-zero and in the region where it is zero separately. In the re-
gion where it is zero we have in fact already solved it since in that region the
Schrodinger equation is the equation for a free particle which has as its most
general solution (4.68). To get the full solution we need the inner solution with
the outer solution (wave functions and their derivatives should be equal) at some
point r = R and we are done. In formulas we have the outer wave function (we
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conventionally redefine the constants as compared to (4.68))

Yi(x) = Z(Ql +1)d (c( )jl(kr) + cl(Q)nl(kr)) Py(cos ), (4.89)

l

where we find cl(l) and cl(z) by matching to the inner solution. The asymptotic ex-

pressions for the spherical Bessel functions give us an expression for the asymp-
totic form of the wave function

FORE
pp(ay = 3 B FiaT) p )

l 2ikr
—i(kr—lm) 1) _ (2 ikr
e Cl ZCl e
- + — . (4.90)
( r cl(l) + icl@) r

Comparing this to (4.75) we find that

) _ @
Sy =1+2ikf, = L (4.91)

(

G
l()+zcl()
or

(2)

1 c

fi= —k(li( (4.92)
¢t

(1) (2)

so finding the coefficients ¢; ” and ¢;”” immediately gives us the cross section. If
we assume that ¢!) and ¢(?) are real we also have

- (cl(l) — icl@))2
S = (&) = (4.93)
( ) (Cl(l))2 + (652))2
so that
2
sin 8 L (4.94)
1 2
\/(cl( ))2 + (Cl( ))2
ey
cos d; - L - (4.95)
Vi + ¢y
or more conveniently
ey
tand; = ——L— (4.96)
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The hard sphere

As an illustration of this let us find the scattering on a “hard sphere” potential

oo for r<R,
Vir) = { 0 for r>R. (4.97)

Solving for the wave function in the inner region » < R is easy. Because the
potential is infinite there the wave function has to be zero. Matching the outer

wave function to the inner one tells us that we have to find cl(l) and cl(2) such that
Vi (kR) + Py (kR) =0, (4.98)
and using (4.96) we find

o _ qkR)
{0 " m(kR)

tand; = — . (4.99)
We can now find the phase shift (and thus the cross section) for each [ separately
but to keep it simple, let us do so in the low energy (kR < 1) limit only. Then we
have

(kR)!

. Ji(kR) CIESH (ER)?+1
tand; = lim = =— . (4.100)
I 2 — 1\
kR—0 ny(kR) — G (20 + N2 — 1)

Since kR is small we see that 69 ~ —kR and all higher §; rapidly become smaller
for larger [. Therefore to a good approximation f(6) is given by the I = 0 term as

€% sin &

£6) ~ foPo(8) = — " ~ ~R. (4.101)
giving us the differential cross section
do
yoie |f|* = R2. (4.102)

Notice that this gives a total cross section (by integrating over d€2) of 47 R? which
is four times as large as the geometrical cross section that one would expect clas-
sically. Notice also that the differential cross section is independent of any angles.
This is the case for all scattering where only | = 0 contributes since Py(cos §) = 1.

The spherical well potential
Another interesting potential that we may consider is the spherical well potential

V(r):{vo for r <R,

0 for r>R. "’ (4.103)
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where Vj is some positive or negative constant. If Vj is positive, the potential
is repulsive and if Vj is negative the potential is attractive. For attractive enough
potential (V negative enough) the potential develops bound states. For simplicity,
let us study only the attractive potential case with [ = 0 which should be most
relevant at low energy. We already know that the outer wave function (valid in
the r > R region where V' = () may be written

Yp(x) = (c(()l)jo(kr) + ch)no(k:r)) . (4.104)

Inserting the expressions for the Bessel functions and using (4.96) we can rewrite
this as

"% sin (kr + &)
Vilz) = kr ’

In the » < R region where the potential is non-zero, the radial Schrédinger equa-

(4.105)

tion becomes (also assuming [ = 0)

d*R 2dR 2om(E — V;
k0 | 2070 | m( 0)

02 - dr 2 Ry = 0. (4.106)
which can be rewritten even more nicely as
d? 2m(E -V

We see immediately that the solution which is regular at » = 0 can be written as

2m(E ~ Vo) _ 2m(E + Vi)
h? B h? ’

for some constant b. To find the phase shift we match the inner wave function

- . 00 gi . .
bsinkr and the outer wave function %w at r = R. That is, their values

rRyo = bsink'r k? = (4.108)

need to be equal there

bsink’'R " sin (kR + &)

== 4.109
7 R ; (4.109)
and their first derivatives also need to be equal there
K cosk’R  sink’R 5. (cos(kR+6p)  sin(kR + dp)
b - = ' — (4.110
< R R ) ¢ ( R K R2 (4.110)

Dividing these two equation with each other b and €*% drop out and we get
K Rcotk’'R—1=kRcot(kR + &) — 1, (4.111)

or
tan(kR +dp) tank'R

T o (4.112)
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This is a rather complicated equation which we need to solve for dg. We can sim-
plify it a bit by using the addition formula for the tangent
tan A 4 tan B

t A+ B) = 4.113
an(4 + B) 1—tan Atan B’ ( )

to write

kRtank’'R — k'Rtan kR

tan 6y = .
A0 = R T kR tan kR tan k'R

(4.114)

4.5 Resonances

This formula allows us to analyze the scattering behavior qualitatively as a func-
tion of Vj.
Remembering that

omE

k2 = T;;Lz (4.115)
o2m(E

g2 = 2UE £ V) hj [Vol) (4.116)

we start at Vy = 0 which means no potential at all we have k = k£’ and thus
tan dp = 0 which means that 9 = 0 and there is no scattering as should be
expected. Increasing |Vj| (that is decreasing Vj) or making the potential more at-
tractive) one will get & > k and tan §p # 0 which gives a non-zero value for dy
and thus for the cross section. The cross section

do sin? §,
o= 1£(0))? ~ fo(k)Po(cosf) = 2 0 (4.117)
2
o= 47rsn;€7250 (4.118)

will increase and reach its maximum at 69 = 7. This happens when tan §p = oo,
which means that the denominator in (4.114) ¥’ R+kRtan kRtan k'R = 0. As we
will see later, the maximum of the cross section is connected with the appearence
of a bound state in the potential.

Increasing | V| even more we again will come to a point where kR tan k'R —
k' Rtan kR = 0 (this means that 6g = 7 and k'R ~ 37” which paradoxically leads
to the fact that the cross section is zero even though the potential is far from being
zero! This is known as the Ramsauer-Townsend effect and can be experimentally
observed in scattering of electrons on rare gas atoms. As an illustration we can
look at figure 4.1

On the other hand, we may ask what happens if we instead fix the depth of the
potential Vjy and change the energy of the incoming particles. The cross section
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s

W
E

5 10 15 20

Figure 4.1 The change of the cross section ¢ when we change the depth of the
potential Vj at fixed energy (kR = 2). We see how the maxima and minima
alternate.

@
w

E
Vi

T
1 2 3 4 5

Figure 4.2 Here we fix the depth of the potential V} so that 7v2thoR = 10 and
plot ¢ as a function of the energy of the incoming particles £ measured in units
of Vj. The cross section is monotonously decreasing.

typically looks like in figure 4.2 falling off monotaneously with increasing energy.
However, the effect of bound states can be seen from investigating the value of the
cross section in the low energy limit as in figure 4.3. We see that an appearance of
a bound state in the potential increases the total low energy cross-section which
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a(E=0)

Vo

Figure 4.3 We take the value of the cross section in the low energy limit as a
measure of the strength of the scattering. The first bound state of the potential

appears when 7v2th0R ~ 1.57 and there is a maximum for the low energy cross
section close to this point.

has a maximum roughly when Vj is such that the bound state appear. Making
the potential deeper by decreasing V} (increasing |Vj|) makes the influence of the
bound state go away (its energy also decreases).

More concretely, for a given energy (constant kR) we may find the value of ¥'R
where the cross-section is zero by solving the equation

tan(x) = ax (4.119)
where o = %. Similarly, values of k'R where the cross-section has a maxi-
mum we get by solving

tan(z) = —px (4.120)

_ 1
where [ = kR tan(kR)

is large. Schematically the solutions will look like in figure 4.4

. When the energy is small, « is slightly larger than 1 and /3

4.6 The scattering length

The [ = 0 part of the wavefunction outside of the potential region looks like

6o sin(k'r + dp)

A:
€ kr

(4.121)
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Figure 4.4 Points where the cross-section is maximal or minimal

When the energy is very small, we can rewrite the wavefunction as

100
A=¢ (sin(kr) cos 8 + cos(kr) sin dg) (4.122)
T
6150
~ (kr cos 0 + sin dp) (4.123)
T
_ €0k cos do <T n tar; 50) (4.124)
T

which means that 7A(r) = b(r — a) for some constants a and b. The constant
tan dg
k

a = —limy_,0 is called the scattering length. There is a nice physical inter-
pretation of the scattering length. Using the identification tan dg = —ka we find
. . _ ka
that we can write sin §g = 7\/@
4 sin? &g _ Am (ka)?
k2 k2 1+ (ka)?

. Then the cross section can be written as

o= ~ 4dna? (4.125)
which is the cross-section of a hard sphere with radius a. Remember that for the
hard sphere scattering do = —kR which is the reason why we defined a with an
extra minus. We see that for a very repulsive potential (i.e. a hard sphere), the
scattering length is equal to R. Making the potential less repulsive the scattering
length decreases and after a while goes negative. We are now in the attractive
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rA (?‘) /_\
R 7
-
Vo
Figure 4.5 The scattering length
rA(r)
Va

6<a<R R

Figure 4.6 Repulsive potential

regime and the scattering length becomes more and more negative which also
means that the cross-section grows. At some point the wave function "flips over"
and the scattering length becomes positive and very large. With this value of 1
the cross-section has a maximum and this is also the V| for which a bound state
developes in the potential. One can view the increase in the cross-section as an
effect of the interaction between the incoming particle and the bound state of the
potental.

As a final check we may search for the bound state explicitly. The situation we
are investigating is with an attractive potential Vj = — |V{| but now the energy
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rA(r)

J-.‘a<0

Y

Figure 4.7 Attractive potential

rA(r)

W

Figure 4.8 A bound state appears

is small and negative. For | = 0 we therefore have the wavefunctions

rAL(r) = asin(kr) (4.126)
rAl(r) = e"" (4.127)
where
2 2m E . 2m E
k —ﬁ( —Vo)—ﬁ(lVo!—l ) >0 (4.128)
2 2
K2 = —;TZLE = h—? |E| small (4.129)

The sign of a bound state is that there is no part of the wavefunction escaping to
infinity. All of the particle is localized around the center of attractive potential.
Therefore the wavefunction in the outer region decreases exponentially. Again
matching the values of the wavefunctions and their derivatives at the boundary
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(r = R) we get an equation of the same type as we solved to find the maxima of
the cross section

1

where % is large which means that we will find the bound states at approximately
the same energy as where the cross-section has its maximum according to the
previous analysis.

4.7 S;(k) as a meromorphic function
We have seen that that when a bound state develops, the wavefunction in the

outside region is a decreasing exponential

e—K/V’

P o (4.131)
r
where £ is related to the energy of the bound state k2 = % << 1/R. Since
kR is small we can write the wavefunction for 7 larger but close to 12 as
1
Y~ —(1—kr) (4.132)
r

which allows us to identify the scattering length a = % This means that if we
measure the scattering length we at the same time measure the energy of the
bound state

h2

EFp =—
B 2ma?

(4.133)

the minus sign appears since the energy is negative for a bound state.
What does this imply for the scattering? Since we know the general form of the
wavefunction in the region far away from the scatterer

efikr eikr
Y X (— + Si(k) ) (4.134)
T T
where

- 1
_ . 210
Su(k) =1+ 2ikfulk) = #0 = (4.135)

This general form of the wavefunction agrees with the bound state form of the
wavefunction if we choose k = ix and at the same time requires that Sy (ix)
goes to infinity so that we can ignore the incoming part of the wavefunction.
This tells us that it might be interesting to investigate the properties of Sy (k) as
a meromorphic function. This function must have poles at imaginary values of k
given by the energy of the bound state.
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Thinking of S;(0) as an analytic function with poles it should satisfy some
conditions

e It should have poles on the imaginary axis k¥ = ik corresponding to bound

states, where k2 = % and Ep is the energy of the bound state.

e Since S; = € it should satisfy | Sj| = 1.
e At low energies, close to k = 0, we know that

1
lim kcotd = —— (4.136)
k—0 a

so that limy_,otanéd; = 0 which happens at §; = +nm which means that

It is not hard to find a function that satisfies these criteria
h(k)
k— ik

S(k) = (4.137)
has a pole in the right place if h(ix) # 0.In order for S to be a phase factor which
is not zero at k = ix we have to choose h(k) o< k + ix. To find the correct low
energy limit we finally find the proportionality factor so that

—k — ik
Si(k) = ——— 4.138
(k) = —— (4.138)
Notice that this function has a zero at k = —ix where the outgoing wave vanishes

and the ingoing wave looks like a bound state wave function.
It is straightforward to calculate that (4.138) implies fi—g =
us a contribution to the total cross section
a7
“ iR

in good agreement with the previous graph. It is interesting to observe that al-

7
k—ik

which gives

o(k) (4.139)

though the poles are at the "unphysical" imaginary k axis, they still affect the
cross section at the "physical” real k axis.

We may also have quasistationary states in the game. They are unstable bound
states that exist only a short while before falling apart. This is usually modelled
by giving the energy of the state a small imaginary part so that the time evolution
will lower the probability of finding the system in the particular quasistable state

e_%Et — 6_%(E°_ig)t = e_%EOte_%t (4.140)
i |2
so the probability of finding the state changes with time according to ‘ef wlt ‘ —

_ Tt
e R,
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Imk

Poles from bound states

Poles from quasistationary states

X
X

Figure 4.9 Analytic properties of the scattering amplitude

Thus, to include the effect of a quasistationary state in the cross section, we
assume that S;(k) will have a pole at

2m T

k:
2

This complex number lies below the positive real axis between the angles %271'
and 2.

Again we can try to find an analytic function that respects the general principles
stated above. A function with a pole in the right place is given by

hE)

Si= T
E— (Ey—i5%)

(4.142)

To make S; into a pure phase we have to choose h(F) = E — (Eg + zg) Then

T/2
fi=— / — (4.143)
Which leads to a cross section
4 I'/2)?
-7 (L/2) (4.144)

TR E-E+ (5

This is the well-known Breit-Wigner formula.
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Ep

Figure 4.10 The cross section from a quasistationary state

4.8 Inelastic scattering

In the case when some of the particles get captured by the potential the collisions
are called inelastic. In this case the outgoing flux is smaller than the incoming flux.
We can model this by assuming that \S; is a complex number but with moduli less
than one. The scattering amplitude is still given by

1 oo
=5 > (21 +1)(S; — 1) P(cos ) (4.145)
=0

This expression describes the particles that still come out and integrating it we
get the total elastic cross section

6 4 .
k—z (204+1) 1 — 5 (4.146)
=0

However, in order to also keep track of the particles that got captured we in-
troduce the inelastic cross section o which makes sense only for the total cross
section since there can be no angular dependence. Before we argued that since
"what comes in must come out", S; has to be a total phase. Now the situation is
different; since | Sy|* represents the flux of the outgoing wave. Then 1 — |:S;|?, "the
missing flux", must represent the particles that got captured. Therefore, they can

2, which would be a scattered wave with

be represented by an f; = /1 —
precisely the flux of the missing particles. This would correspond to an (inelastic)
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cross section
T [oe)
2
—2 E 204+ 1)(1 — |Sl\ ) (4.147)
=0

From this we may define a total cross section representing the probability of either
scattering or capture

. 21 °
o= =3 D @+ 1)(1 - re(S))) (4.148)
=0

Notice that althout it is possible to have elastic scattering without inelastic scat-
tering (when |S;| = 1), the opposite is not possible. The only way to make the
elastic cross section zero would be to have .S; = 1 in which case also the inelastic
cross section would be zero. If we define

o] = k2 (2l +1)[1 -5 (4.149)
ol = o " 20+ 1)(1 - |S) (4.150)
2m
0= 13 (20 +1)(1 —re(Sy)) (4.151)
Since o} is proportional to |1 — S;|* we see that
2 k?
1-— < —— 4.152

where the minimum happens when S is real and positive and the maximum is
when S is real and negative and since

2 K
S|If=1-——o7, 4.153
both the maximum and minimum value can be given in terms of the inelastic cross
section.
Exercise 4
1. Analysis of the scattering of particles of mass m and energy £ = h; T’f
from a fixed scattering center with characteristic length a finds the pase
shifts
iak)!
sind; = # (4.154)
(20 +1)!

e Derive a closed expression for the total cross section as a function of the
incident energy E.
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e At what values of E does the S-wave (I = 0) scattering give a good
estimate of o?

[\

. Using the Born approximation, obtain an expression for the total cross
section for scattering of particles of mass m from the attractive Gaussian
potential

N

Vir)=—-Vye a

=
[

(4.155)

3. Consider a scattering situation in which only the [ = 0 and [ = 1 partial
waves have appreciable phase shifts. Discuss how the contribution of the
[ = 1 wave affects the total cross section. How does it affect the angular
distribution of scattered particles? What sort of measurements should be
made to obtain an accurate value of §p and §; respectively?

4. Determine in the first Born approximation the differential cross-section
for the potential

V:{O for r>R (4.156)

Vo for r<R

with Vj > 0. Sketch the dependence (using a computer if you wish) of the
cross-section on 1) the angle  and 2) the energy.

5. Consider the scattering of a particle by a repulsive delta function shell
potential

_ FLQ"}/2

V(r) 5

d(r — R), (4.157)
e Set up an equation that determines the s-wave phase shift dy as a func-
tion of k (remember that £ = K2k ).

2m
e Assume now that v is very large,

1
—. k. 4.158
= (4.158)

Show that if tan kR is not close to zero, the s-wave phase shift resem-

v >

bles the hard-sphere result discussed in the lectures. Show also that for
tan kR close to (but not exactly equal to) zero, resonance behavior is
possible; that is, cot §g goes through zero from the positive side as k in-
creases. Determine approximately the positions of the resonances keep-
ing terms of order %

6. The capture cross section of a certain nucleus for neutrons having an en-
ergy of 0.1 eV is measured to be 2.5 - 10~'® cm?. Give upper and lower
bounds for the elastic scattering cross section.
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7. What is the maximum capture cross section for monoenergetic 0.025 eV
neutrons? What is the accompanying elastic scattering cross section?
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Relativistic Quantum Mechanics

5.1 The Dirac equation

There is a curious way to “derive” the Schrodinger equation. Namely, take the
relation for the energy in classical physics

2
=L 1v. (5.1)

2m

One gets the Schréodinger equation by making the replacement

0
E — ZFL&,
0
pi — —Zhiaxi, (52)

and then letting the relation (5.1) “act” on a wavefunction one gets
0 h?
h—t) = [ —=—02 : 5.3
it = (gt V) v (53)

This derivation inspired many people to try to derive a relativistic analog of
the Schrodinger equation by starting with the relativistic energy relation E? =
p2c? + m2c* instead of starting with (5.1). Making the same substitution (5.2) as
before we get a relativistic wave equation

—h?0}¢ = —h’c® (02 + O + 02) ¢ + m*c'¢. (5.4)

This can be written in a more relativistic fashion by introducing coordinates z° =

ct,x! = x,2% = y, 2% = 2z and a metric g, = diag(1,—1,—1,—1) as
2 2
mec
gﬂya/tau(b + hQ (ZS = 07 (55)

an equation which is known as the Klein-Gordon equation.
To find out more about its properties, we now go on to find solutions to the
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Klein-Gordon equation. For instance, there is a complete set of plane-wave solu-
tions as we will now show. First we make the ansatz ¢ = e~ 7P Acting on this
with a four-derivative 0,, gives us
A (N P
Oue 1P = —pppe BT (5.6)
Using this result twice we may insert the ansatz into the Klein-Gordon equation
to get

m2c? 1 m2c?

pz @ = (“aput” + =)0, (5.7)

We see that for ¢ to be a solution to the Klein-Gordon equation we need the four
momentum p,, to satisfy the relation

0,0"¢ +

pupt = m202, (5.8)

and rewriting the four momentum p,, in terms of its components p* = (%, p)
where p is the ordinary three momentum, we recover the relativistic energy re-
lation E? = p?c? + m2c*. Let us recapitulate; the Klein-Gordon equation has a
complete set of plane wave solutions ¢(z) = e~ #”® where the four momentum
has to satisfy the relativistic energy condition p - p = m?2c?. Any solution can
then be written as a linear combination of these plane waves. There is however a
funny new feature of these solutions. If the four vector p* = (%, p) gives a solu-
tion, then the four vector p* = (—%, p) with negative energy is also a solution!
Thus, for every solution with positive energy, there is a solution with negative
energy which seems physically unacceptable since it would lead to an unstable
theory (there would be no state with lowest energy = vacuum state).

Dirac identified the root of this problem in the fact that the Klein-Gordon equa-
tion is quadratic in time derivatives whereas the Schrodinger equation is linear.
He tried to get around this by making an equation which would be linear in time
derivatives. To achieve this he used some interesting properties of the Pauli ma-

trices
0 1 0 —2 1 0
1 2 _ 1
O'—<10),O'—<i 0>,0—<0 _1>, (5.9)

which fulfill the relation o’c* = ie?*!o! + §%*1. This made it possible for Dirac to

write
E\?2 o E -\ /E
pup’ = () —-p'p' = (1 — plaz> (1 + plal> . (5.10)
c c c

That is, by writing the equation in terms of two by two matrices, he was able to
split it into factors linear in energy. The price he had to pay was that the wave
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function now become two dimension column vectors (or spinors as they are more
commonly known). Thus our second try for a relativistic wave equation looks like
this

h ; 10
(12@ — U%ﬁ@) <1ant + alih8l> ba=m>Coy, (5.11)
where ¢4 = ( j;l ) is a two dimensional column vector. By introducing a sec-
2

ond two dimensional column vector
10
mepp = (12@ + Uliﬁ81> ba, (5.12)
c

we can write an equation (well, really a system of equations) which is linear in
time derivatives

%(ZSB = <1Z@t + Ulial> QZ)A,
%m = (12@ - Uii8i> bB. (5.13)

For purely conventional reasons one often redefines the column vectors as ¢+ =
¢4 £ ¢p which makes it possible to write the above equation as

%ber = 1%8t¢+ +oliop—

mc ) .
— 0 =—1-0ip- — d'idib, (5.14)

or, defining a four component column vector ¢ = < O+ ) and four by four

P—

o (1 0\ 0 of
7 - < 0 71 I ’Y - 70_1‘ 0 I (515)

we may write the resulting equations in a very compact form as
me

Notice that this is a matrix equation (it is really four equations written in a very

matrices

nice and compact form using matrices) and that it is linear in time derivatives
which is exactly what Dirac wanted to achieve. This equation is known as the
Dirac equation. To make the comparison to the ordinary Schrédinger equation
more prominent, we can rewrite it as

. . mec
7idop = —~'iopp + -, (5.17)
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and using that v97? = 1 we find
ihdo = —°~ ihd + mey . (5.18)
We thus see that the Hamiltonian operator that we get from the Dirac equation
is H = —cy'~'iho, + mc2A0.
Again, to get a feeling for the physics we can try to solve the equation. Since

the wavefunction is a four component column vector we make the ansatz for a
plane wave

¥ = u(p)e” i, (5.19)
where u(p) is a four component column vector possibly dependent on p. Inserting
this into the Dirac equation we get

. me 1 mec _ig,
(7" 0u = =)0 = (39" pu — - Julp)e™ ", (5.20)

so we see that for this to be a solution of the Dirac equation we need the four
column vector w to satisfy the matrix equation

(Y'pu — me)u(p) = 0. (5.21)

Using the expressions for the gamma matrices found earlier we can rewrite this
in an even more explicit form

Eme 0 -p - u
0 = —
mc 5 P+ p3 U2 —0, (5.22)
P3 jo —o —mc 0 U3
E
D+ —p3 0 —= —mc (2

where we have defined the complex combinations p+ = p; % ip2. This equation
has four independent solutions. We will find one of them, but I recommend that
you similarly try to find the other three. Actually, for this equation to be solvable
we need the determinant of the matrix to be zero. We can easily evaluate it to be
( (%) 2 —p?—m?c?)? so we see that a necessary condition for this equation to have
solutions is that the “old” relativistic energy condition is satisfied. Unfortunately
this means that we did not get rid of the solutions with negative energy. Therefore
we first need to assume that the condition holds, then we can go on and try to find
a solution. To make it a little bit simpler, let us first try in the case where p = 0.

Then the equation looks like

0 0 0 0 U1

0 0 0 0 ug |

0 0 —2mc 0 us | 0, (523)
0 O 0 —2me Ug
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for the case of positive energy, i.e. when E = 4+mc? and in the case where the

energy is negative, i.e. when E = —mc?, it looks like
—2mc 0 0 0 uUq
0 —2mc 0 0 U B
0 0 0 0 w | = 0. (5.24)
0 0 00 Uy
In the positive energy case we have the two independent solutions
1 0
0 1
.25
0 J 0 ’ (5 )
0 0
and in the negative energy case the solutions look like
0 0
0 0
2
0 1

Turning on the three momentum p we have to solve the full equations (5.22)
but we can expect that the solutions should not differ too much from the zero p
solutions, at least when p is small. Then we should be able to find a solution of
the form

1
0
R (5.27)
b

where @ and b are small of order p (or possibly smaller). Inserting this ansatz into

. . . . o p3c _ _b4c
the equation immediately gives us that a = 717" and b = -~ For reasons

to be explained later we choose the normalization to be u'u = 2E which leads to
the final answer

1
0 i
Y =VE+mc? pac_ e P, (5.28)
E—p}—r}:c
E+mc?

5.2 The non-relativistic limit of the Dirac equation

One check that one should always do is to see how the new physics one is in-
vestigating reduces in known situations. In the case at hand this means that we
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should try to see how the physics of the Dirac equation looks in a non-relativistic
situation. To do this, let us have a look at it in the form given in (5.14) but in
momentum space (and multiply with a factor of c). The equation looks like

(E—mc)¢y =co-po-,
(E+mct)o_=co - po,. (5.29)

The non-relativistic limit means the limit where |p| < mec. This in turn implies
that £ = /p2c? + m2ct = me? + % + ... = mc? + EVE) where EVE) g
the non-relativistic energy. This immediately tells us that the quantity F(N%) =
E — mc? 2

E + mc? is large (of order mc?). A look at the equations now tell us that if ¢, is

. 2 . . .

is small (of order m ( ) or equivalently Z—imc2) while the quantity
of order one then ¢_ is of order -2- = ¥ s0 it goes to zero in the non-relativistic
limit. We can now solve for the “small” component ¢_ to get an equation for ¢
only since ¢ is what is left in the non-relativistic limit. Solving for ¢_ gives us

1 A
- = mcl) COP4, (5.30)
which, when inserted back into the equation gives us

1
(NRy; _ o L
E ¢+ = cp U2mc2+ iy P oo+ . (5.31)

In the non-relativistic limit mmc? > E(NF) 50 we can expand the denominator to
get
1 E(NR)
ENBg, —p.o—(1-"—5+..)p- 5.32
¢+ p 02771( 2me2 + )p U¢+7 ( )
and to lowest order we get back the non-relativistic Schrédinger equation

wr), _ P°
B0y, = Pg (533)

This is maybe not a very exciting result but it is gratifying to see that we get the
correct non-relativistic limit from our equation.

A slightly more interesting result we get if we include a potential from an ex-
ternal electromagnetic field. This is done in a relativistically covariant fashion in
the Dirac equation, introducing the relativistic electromagnetic vector potential
AF = (¢, A), by replacing i0,, — 0, — 15 A,. This changes the Dirac equation
to

) e me
A (z@u . %Au) ¥ ="5y, (5.34)
or, if we Fourier transform as

A (pu — ZA“) u(p) = me u(p). (5.35)
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When rewriting this in terms of the large and small components we get
(F —ep—mc®)uy =0 - (pc—eA)u_,
(B —ep+mc®)u_ = o - (pc—eA)uy, (5.36)

and solving for the small component we get

1
T 2me2 4+ EWNR) —ep

o (pc—eA)uy, (5.37)

1
2me2 4+ E(

EWNRy, = (eg0+a- (pc —eA) NE) o- (ﬁc—eA)) (T
— ey

Notice that we have to be careful in which order we write things since ¢ and A
depend on x and thus do not commute with p. Using the same approximations as
before we get and equation for u

1
2mc2

EWNR)y, = (eap + o (pc—eA)o - (pc— eA)> U (5.38)

To evaluate this we again need to use the properties of the Pauli matrices to be
able to write

o-(pc—eA)o - (pc—eA) = o'o®(pe— eA)i(Pc — eA);, =
(6% + ie* ) (pe — eA);(Pc — eA) = (5.39)
(pc—€eA) - (pc—eA) +io - (pc — eA) x (pc — eA).

The cross product can be evaluated as
lik (4 N L ogik o .
e (pc—eA);(pc — eA) = ¢ [(pc— eA);, (pc —eA)] =

1 .. . . ik, [
iehk (—e [Pi, Ax]c — e[As, D] ¢) = —*e[ps, A]c = (5.40)

iehce™9; Ay, = ieheB,

which gives us the non-relativistic equation

5 €A 2

This is exactly the Schrodinger equation for a non-relativistic spin half particle

£l g where s = 5 is the spin operator.
mc

This is a very interesting result. We see that only from the requirement that the

with an intrinsic magnetic moment y =

theory should be relativistically invariant, we find that particles carry an intrin-
sic magnetic moment. This is not something that we can turn off or change in
any way. It is fundamentally built into the theory and comes from the relativistic
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invariance. Furthermore, it cannot be understood in any classical sense as “some-
thing charged going around in circles”. In fact, you can easily verify by yourself

that if we have some charged particle moving in a circle of radius R it produces

eh
2mc

twice this value. We say that the electron has a gyromagnetic ratio of 2. In fact

a magnetic moment which is y =

L and what we get out of our equation is

this is not completely true and this value receives quantum corrections which can
be computed with great accuracy.

One can go on and keep higher order corrections to this result. This will result
in extra terms in the Hamiltonian. The calculation is slightly more involved since
now it will not be justified to neglect ¢_ any more. Anyway, it is still possible
to write a non-relativistic Hamiltonian for a two component spinor. If one puts
A = 0 (no magnetic field) the Schrédinger equation becomes

2 4 ho - (E x h2
(p+e(p_p cho - (Exp) e

2m 8m3c? 4m2c2? 8m2c¢?

V- E> ¢ = ENB)y (5.42)

The first two terms are the lowest order terms which we have already derived
(remember that we put A = 0). The next three terms are higher order correc-
tions. If we for instance apply this Hamiltonian to the hydrogen atom they will
give small corrections to the spectrum (known as fine structure). The third term
is simply the first non-trivial correction to the non-relativistic energy (from ex-
panding \/p2c? + m2c* — mc?). The fourth term is called the Thomas term and
it has the interpretation as an interaction between the spin of the electron and
the effective magnetic field it sees when moving through the electric field. It can
be rewritten as a spin-orbit interaction (proportional to S - L). The last term is
known as the Darwin term. It represents an interaction with the charge density
that produces the electric field. In the hydrogen atom it gives a shift in energy
of the s-states. There is also something called hyperfine structure of the hydrogen
spectrum. It comes from the interaction of the magnetic moments of the proton
and the electron but is a much smaller effect than is the fine structure.

I would like to point out once again that all these terms one get automatically
from the Dirac equation when going to the non-relativistic limit. There are no
additional assumptions involved. Quite a nice little equation!

5.3 Transformation properties of the Dirac equation

You are familiar with how covariant and contravariant vectors transform when we
change coordinate systems (we also say “when we do Lorentz rotations” or “boost”
the coordinate system) in special relativity. The typical contravariant vector is
the coordinate vector x* itself. When we do a Lorentz boost it transforms into
x'* = A", x¥ where, if we for instance boost to a coordinate system which is
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moving with speed v in the x direction we have

1 v/e
NS
o= | — 00 (5.43)
v Vics s |
0 0 10
0 0 01

We may define the matrix A )" = 9up\’ 597" and we can check that Ap#Ap” =0,
All covariant quantities (for example the momentum vector p,, or a vector field
Ay, or the ordinary derivative operator ), transform as A}, = A A, . Therefore
the scalar product is invariant 2’ MPL = x#p,,. Using this information it is easy to
see that for a scalar field ¢ (a scalar field is defined by the property that it does
not transform at all under Lorentz transformations) the Klein-Gordon equation is
invariant under Lorentz transformations

m2c?

h2

A spinor is not invariant under Lorentz transformations but transforms as ¢/, =

0,0 + =0 (5.44)

Saptp for some matrix S which we will not need the exact form of. The Dirac
equation itself transforms as

i — %w — 0= iy, 70, (Sth) — %5@0 ~0 (5.45)
or
iS00 — %w —0 (5.46)
We see that for the Dirac equation to be invariant we need that
STINES = AF A° (5.47)

Taking the hermitian conjugate of this equation and using that we know from the
explicit representation of the gamma matrices that (7)1 = 707#~° we get

A8TA0 = 51 (5.48)

Having this formula we may investigate how for instance 1! transforms under
Lorentz transformations. We get

YT =Ty087140 (5.49)

So the hermitian conjugate does not transform as the inverse of the original object.
However, if we check how 1) = ¢T~? transforms we find

P =St (5.50)
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which is indeed “nicer” since we can form objects with simple Lorentz transfor-
mation properties from it, for instance

Y'Y = (scalar)
Pyt = PSS = Ay (vector) (5.51)

From this it is clear that 1f1) transforms as the zeroeth component of a null vector
which has the interpretation as a density (similar to the ordinary non relativistic
wave function).

5.3.1 The relativistic propagator

Remember that we defined the propagator as the Green function of the Schrédinger
operator

(mgt - H) Gnr(t,x) = ihd(t)0®) (x) (5.52)

In the relativistic case, the propagator can still be defined as a Green function,
but now with the operator giving the relativistic equations of motion. In the most
natural form we have

0> 0>
((mat) — 2 <—max) +m2c4> Gr(t,x) = ihd(t)6®) (x)  (5.53)

where on the right hand side we need an h because it is a quantum effect. Thus,
for the Klein-Gordon field, we are led to define

2 2 2.2 )

Let us try to calculate it explicitly for the simple case of 1 + 1 dimensions. We will

use the coordinates

xt = (et, ) (5.55)
P = h(=k) (5.56)
Gua'p” = hwt — hkx (5.57)
In Fourier space we have
dwdk it i
Ggr(t,z) = / LL(w, k)e Wik (5.58)
(2m)?
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Inserting this into the equation we find that
i/h

2.4
w2 — k22 — thC

To simplify writing we introduce the notation wy, = y/k2c¢? + % and we see

that the propagator can be written as

) dwdk e Witk
Grtt.n =, [ @) (@ — o) (@ T o) (560

L(w, k) =

(5.59)

The w integral can be performed exactly as in the non-relativistic case but there
are now two poles that needs to be avoided. This leads to several choices but the
correct one is the so called Feynman propagator where we choose the contour
such that we get contributions from the pole at w;, when ¢ > 0 and contributions
from the pole at —wy, when ¢ < 0. Doing this we find

i dk eikxfiwﬂt\

GR(t,$) = -

— 5.61
h ) 2w 2w (5-61)

valid for all values of ¢. To perform the k integral it is useful to introduce a new
integration variable [ such that

k= % sinh [ (5.62)
dk = % cosh 1dl (5.63)

which means that w, = mTCQ\/ sinh?l+1 = mhc2 cosh [ which allows us to
rewrite the propagator as

1 s mc 3
GR(t,x) _ y— /dlezﬁ(xsmhl—cmcoshl) (5.64)

To calculate the propagator inside the lightcone where c|t| > |z| we may intro-
duce the new variables r and « such that

clt| = rcosha (5.65)
x = rsinh« (5.66)

so that 7 = v/c2t?2 — 2. Then the propagator can be written as

mer

GR(t,$) — 47_‘_1hc/dl62 *" (sinh o sinh I —cosh o cosh 1) (5.67)

1 s mcr
/dlez =+ cosh(l—a) (5.68)

- Amhe
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Since we are integrating from —oo to co we can shift the integration variable to
get rid of a. The integral is a known form for a version of a Bessel function called
a Hankel function so that

1 9} , mcr
Gr(t,z) = mH(g )(T)

If on the other hand |z| > c|t|, which means that we are outside the lightcone,

(5.69)

where a particle would need to travel with a velocity higher than the speed of
light to reach, then we have to define
ct = 7sinh a (5.70)
x = +rcosh a (5.71)

so that 72 = 22 — ¢?t? (the + sign depends on if we are to the right or to the left
of the light cone). The propagator can then be written as (assuming the plus sign)

metr

dlei i (cosh asinh I —sinh a cosh 1) (5 72)

Grlt,7) = Amhe

1 —i
~ Adrhe /dle

which again can be written in terms of Bessel functions, this time a modified
Bessel function

mer ; 1 - meF .
sinh(l—a) _ —3 L ginh (1)
g e / dle™ "% (5.73)

1 mer

2mhe KO(T) (5.74)

Can we recover the propagator of non-relativistic quantum mechanics from
the relativistic propagator. One could expect that they should be similar for large
times but small distances from the original position of the particle. That means

2

that we are interested in the region where v/¢?t? — 22 ~ ct(1 — 5%z ). In this
region we can use the known asymptotic formula for the Bessel function

2% .
HP (2) = 4/ W—ZZ@—” (5.75)

GR(t, x) =

to write
mc*t  ma? (5.76)
N —— — — .
h 2ht
]. 2h’l 7-mc2t <m12
Gr(t,z) ~ m\/ p—TL TR el ent (5.77)
1 _imcgt m imz2
= 7 2ht 5.78
Imc2’ omilit (5.78)
1 -mc2t
= 2 e rn Gnr(t, {L') (5.79)
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Figure 5.1 The relativistic and the non-relativistic propagators
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Figure 5.2 The probability densities of the relativistic and non-relativistic prop-
agators

which is precisely the non-relativistic propagator apart from the pre-factor. It sim-
ply comes from including the rest mass into the energy.

We can draw the two propagators, the relativistic and the non-relativistic to see
how they differ. I we leave out the pre-factor and draw them at a time 7' = 2710
we get the behavior in figure 5.1 We see that they look similar for small x but for
larger x they start to differ. At the distance (z = ct) beyond which any relativistic
particle can reach, we see that the relativistic propagator abruptly goes to zero
but the non-relativistic propagator simply continues as if nothing has happened.
More interesting is perhaps the probability density which we plot in figure 5.2

We may also plot the probability densities for very short times after we let the
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Figure 5.3 Probability densities for small times
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Figure 5.4 Probability densities for large times

localized particle run away. The result can be found in figure 5.3. Notice that for
short times, the probabilities do not agree close to x = 0 and that the relativistic
particle, although remaining close to the point from which it left, can be found
outside of the light cone, it is as if it can move faster than the speed of light,
but only for a short time. Finally we plot the probability densities for large times
(figure 5.4) where the probabilities at the origin is the same but the relativistic
particle is limited by the lightcone.
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Exercise 5

1. For the Dirac equation written in the ¢ 4, ¢p basis used in the lecture
notes, find the explicit form of the gamma-matrices and show that they
satisfy the Clifford algebra {y*,+"} = 2¢*”. Find the plane wave solu-
tions.

2. In non-relativistic physics, the transformation between two inertial sys-

tems, moving with a relative speed v, is through the Galileo transforma-
tion

x' =x+vt (5.80)
t =t (5.81)

Assume that the wave function 1 (x’, ') is a solution to the Schrédinger
equation

hQ

T 2m

ihgw(x’, t')

5 VE(K, ) + V() (5.82)

Show that the wave function t)(x+Vvt, t) is not a solution of the Schrédinger
equation in the unprimed system

2
D4 VE 1) £ TPV 1) V(v (o VEE)

However, if we allow for a phase factor in the transformation of the wave
function ¢ (x’, ') — en/ e (x 4 vt, t) find the form of f that makes it
a solution. Interpret the result in the case where v is a plane wave.

In relativistic physics on the other hand, the transformation between
two inertial systems, moving with a relative speed v (in the x-direction for
simplicity), is through the Lorentz transformation

Y=yt +yia (5.84)
C
= ﬂt + vz (5.85)
(&
v =y (5.86)
2=z (5.87)

where y72 =1 — Z—i If ¢(t',2',y', 2) is a solution to the Klein-Gordon
equation in the primed system, show that ¢(yt + v2x,y%t + vx,y, 2) is
a solution to the Klein-Gordon equation in the unprimed system without
any phase factor.
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3. A plane wave solution to the Dirac equation can be written as

b(x) = ulp)e TP (5.88)

where u(p) is a spinor. Find the matrix equation that u(p) has to satisfy
and analogously find an equation for % = /. Use this to show

a(p)gu(p) = =1 (5.89)

if we chose u(p) to be normalized to 1. (4 = v*q,).

. How would the Dirac equation look like in 2,3,4 and 5 space-time dimen-

sions? Find explicit representations of the gamma matrices in all these
cases and show that they satisfy the appropriate Clifford algebra.

. In three space-time dimensions, verify that one can choose the gamma

matrices as following

3

A =0% Al =iot A% = —io? (5.90)

i.e., verify that they satisfy the appropriate Clifford algebra. Construct the

matrices
1
MO = — [40 41 5.91
vy %, 7] (5.91)
1
M2 = = [4240 5.92
5 (7%, 7] (5.92)
1
M2 = — [y 42 5.93
yrALERE (5.93)
and show that they satisfy the SO(1, 2) algebra
(MO M) = —iM 12 (5.94)
(M2 MO =i (5.95)
(M0, M"?] = iM® (5.96)

which exept for the minus sign in the first row is the same as the algebra
of the rotation group SO(3). Show that under a rotation with angle ¢ in
the 12-plane, the spinors transform as

(M, _ ( e; e_Oig > ( ;/j; ) (5.97)

whereas under a boost in the 2 direction, the spinor transforms as

iaM?20 COSh(Q) Slnh(g) 1
el OM7 )y = < sinh(é) cosh(%) ) ( Vo > (5.98)

How do 14 and ¢)~%) transform under these transformations?

N



