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TABLE 8.2.f Measured values of 2A(0)/kT, (BCS theoretical
value = 3.53)

Superconductor Tunnelling Thermodynamic
measurements measurements
Al 4.2 *0.6 3.53
2.5 :£0:3
28 —3.6
3.37+0.1
Cd 3.2 i£0:1 3.44
Ga 3.52,3.50, 3.48
Hg (@) 46 0.1 3.95
In 3.63%0.1 3.65
3.45+0.07
3.61
La 1.65—3.0 (fcc) 3.72 (fcc) (d-hep)
3.2
Nb 3.84 £0.06 3.65
3.6
3.6
Pb 4.29 £0.04 3.95
4.38 +0.01
Sn 3.46 £ 0.1 3.61,3.57
3.10 £0.05
3.51%£0.18
2.8 —4.06
3.1 —43
Ta 3.60 £ 0.1 3.63
3.5
3.65+0.1
Tl 3.57 £0.05 3.63
3.9
v 34 3.50
Zn 3.2, 20:1 3.44

tTaken from Mersevey and Schwartz (1969), by courtesy of
Marcel Dekker Inc.
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In this study, we combine the ab initio Migdal-Eliashberg approach with the intermediate representation of
the Green’s function, enabling accurate and efficient calculations of the momentum-dependent superconducting
gap function while fully considering the effect of the Coulomb retardation. Unlike the conventional scheme that
relies on a uniform sampling across Matsubara frequencies, demanding hundreds to thousands of points, the
intermediate representation works with fewer than 100 sampled Matsubara Green’s functions. The developed
methodology is applied to investigate the superconducting properties of three representative low-temperature
elemental metals: aluminum, lead, and niobium. The results demonstrate the power and reliability of our
computational technique to accurately solve the ab initio anisotropic Migdal-Eliashberg equations even at
extremely low temperatures below 1 K.
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FIG. 2. (a) The calculated electronic band structure and the density of states (DOS) with respect to the Fermi energy for Al. The dashed
red lines represent the DFT bands, and the solid blue lines represent the Wannier bands. (b) The phonon dispersion and the phonon density of
states (PHDOS), the isotropic Eliashberg spectral function o?F (w), and the cumulative electron-phonon coupling strength A(w) for Al. The
corresponding results for Nb and Pb are shown in (c)—(f), respectively.
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FIG. 3. The histogram of (a) the state-dependent electron-phonon coupling strength p(1) and (b) the superconducting gap function p(A)
at the lowest Matsubara frequency for different temperatures for Al. Solid red line in (b) represents the temperature dependence of the
superconducting gap expected from the BCS theory in the weak coupling limit. The state-dependent (c) electron-phonon coupling strength
and (d) superconducting gap function on the Fermi surface for Al. The corresponding results for Nb and Pb are shown in (e)—(1), respectively.
The calculations were performed with 96* k and g grids, a 483 k¢ grid, and an inner window of 0.5 eV. The images on the Fermi surface were
rendered using the FERMISURFER software [48].
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FIG. 6. Convergence of the superconducting gap function with respect to the k- and g-grid sampling and the inner window. The temperature
issetto T = 0.8 K for Al and 7 = 1 K for Nb and Pb. The calculations were performed without the Coulomb interaction (pc = 0).

TABLE I. Comparison between the transition temperatures (in kelvin) obtained in this work and in previous theoretical studies [21,22,61].
We use the following abbreviations: w SF, with spin fluctuation; w/o SF, without spin fluctuation; w SO, with spin-orbit interaction; and w/o
SO, without spin-orbit interaction. In this work, we employ the anisotropic Eliashberg formalism with a constant Coulomb parameter jc. In the
isotropic Eliashberg formalism employed in Refs. [21,22], as well as in the isotropic SCDFT formalism employed in Ref. [21], the Coulomb
interaction was treated as an energy-dependent function. In Ref. [21], the dynamical approach was employed for the screened Coulomb
interaction, in addition to the static approach. The anisotropic SCDFT formalism in Ref. [61] considered the momentum dependence of the
dynamical Coulomb interaction. SPG denotes the parametrization proposed by Sanna, Pellegrini, and Gross [72] for the SCDFT formalism.

A. Davydov et al. [21] C. Pellegrini et al. [22] M. Kawamura et al. [61] This work

Isotropic A Isotropic A Anisotropic A(k) Anisotropic A(k)

Eliashberg SCDFT (SPG) Eliashberg SCDFT Eliashberg Expt.
Static Dynamical Static Dynamical Static Dynamical Static

w/o SE, w/o SO w/o SE, w/o SO w/o SF, w/0SO w SF,w/0SO w/oSF,wSO wSF,wSO w/oSF w/oSO
Al 09 2.5 1.6 1.3 1.03 1.9 0.89 1.9 0.88 2.75(~2.2 1.14
Nb 133 23.2 7.3 7.8 12.4 14 7.6 13 7.5 13.7 9.20
Pb 6.9 8.2 54 3.8 6.85 4.4 3.7 6.9 6.0 6.39 7.19

aThe value in parentheses is a transition temperature roughly estimated from the histogram with the 963 k¢ grid at 0.2 K as described in
Appendix C.



