Vol. XX (XXXX) No. X

DIFFERENTIAL INVARIANTS OF IMMERSIONS OF MANIFOLDS WITH METRIC FIELDS^∗

Pavla Musilová and Demeter Krupka

(Received 2002)

The problem of finding all (higher order) differential invariants of immersions f : X → Y , where X and Y are manifolds endowed with metric fields is investigated. The underlying jet manifolds are introduced, and the action of the corresponding differential groups on them are analysed. It is shown that the differential invariants can be described by means of the factorization of the group action with respect to a distinguished subgroup. By the orbit reduction method a basis of first order invariants is found. In particular, this basis is used for a characterization of all first order invariant Lagrangians depending on two metrics and an immersion.

Keywords: differential invariant, immersion, orbit reduction method, variational principle, invariant Lagrangians.

MS classification: 53A55, 58A20, 58E30, 83E30

1. Introduction

The problem of constructing differential invariants of a given field with values in some manifold Y , or a collection of fields, defined on a smooth manifold, belongs to the fundamental problems of the theory of invariants and its applications. In this paper, the orbit reduction method, developed in [8] is applied to the problem of finding all differential invariants of immersions of manifolds endowed with metric fields.

One well-known differential invariant of this type is constructed as follows. Let X (resp. Y ) be a manifold, and let h (resp. g) be a metric field on X (resp. Y ). Every immersion f : X → Y induces another metric on X, f^∗g, and we have a differential invariant e(f) = 1/2(f^∗g)_{ij} h^{ij} . This differential invariant, the energy density, defines the energy functional E(f) = ∫ X e(f)(x) √ |det(h_{ij} )|(x) dx^1 ∧ . . . ∧ dx^n,

whose critical points are the harmonic mappings. A particular question arises as to what extent the general covariance condition determines the function e(f).

∗THIS RESEARCH IS SUPPORTED BY GRANTS GAČR 201/00/0724 AND MSM 143100006. [1]

Let us recall basic concepts of the differential invariant theory in the context of the present work (see [4], [5], [6]). Let L^r_n be the r-th differential group of the Euclidean space R^n. Let R^{n∗} ⊙R^{n∗} be the symetric tensor product, where R^{n∗} is the dual. We denote by MetR^n ⊂ (R^{n∗} ⊙ R^{n∗}) the subset of regular tensors, and by T^r_n MetR^n the manifold of rjets with source 0 ∈ R^n and target in MetR^n. Further we denote by ImmJ^r_{(0,0)}(R^n, R^m) the manifold of regular r-jets with source 0 ∈ R^n and target at 0 ∈ R^m.

Then we set for fixed indices n and m, n ≤ m,

Q^r = T^r_nMetR^n × T^r_mMetR^m × ImmJ^{r+1}_{(0,0)}(R^n, R^m).

Q^r is endowed with a natural left action of the Lie group L^{r+1}_n × L^{r+1}_m given by

(L^{r+1}_n × L^{r+1}_m ) × Q^r ∋ ((j^{r+1}_0 α, j^{r+1}_0 γ), (j^r_0 h, j^r_0 g, j^{r+1}_0 f)) →

→ (j^r_0 (j^1_0 α · h), j^r_0 (j^1_0 γ · g), j^{r+1}_0 (γ ∘ f ∘ α^{−1})) ∈ Q^r,

where j^1_0 α·h : R^n → MetR^n is defined by (j^1_0 α·h)(x) = j^1_0 (t_xαt_{−α}−1_{(x)})·h(α^{−1}(x)), with multiplication on the right-hand side denoting the tensor action of the group GL_n(R). Analogously for j^1_0 γ · g. Note that this formula represents the transformations, induced on two metric fields and their derivatives as well as derivatives of an immersion by the coordinate transformations (at a point of R^n × R^m) (see e.g. [6]).

Now let P be any left (L^s_n × L^s_m)-manifold, where 1 ≤ s ≤ r + 1 (later the case P = R will be considered). Recall that a differential invariant on Q^r with values in P is any smooth mapping χ : Q^r → P such that

χ((j^{r+1}_0 α, j^{r+1}_0 γ) · q) = (j^s_0 α, j^s_0 γ) · χ(q)

for all q ∈ Q^r, j^{r+1}_0 α ∈ L^{r+1}_n , j^{r+1}_0 γ ∈ L^{r+1}_m .

Denote by K^{r+1,s}_n the kernel of the canonical group morphism L^{r+1}_n → L^s_n; K^{r+1,s}_n is a nilpotent normal subgroup of L^{r+1}_n . In this paper, we give a description of the quotient Q^r/(K^{r+1,s}_n × K^{r+1,s}_m ) for r = 1, s = 1. This quotient has the structure of an (L^1_n × L^1_m)- manifold. Any set of coordinates on this quotient manifold can be viewed as a basis of differential invariants. In particular, every differential invariant χ : Q^1 → P factorizes through an (L^1_n × L^1_m)-equivariant mapping χ_0 : Q^1/(K^{2,1}_n × K^{2,1}_m ) → P .

In [11], the construction of Q^r/(K^{r+1,s}_n × K^{r+1,s}_m ) is given for arbitrary r, and s = 1; the geometrical meaning of the quotient projections Q^r → Q^r/(K^{r+1,1}_n × K^{r+1,1}_m ), or, which is the same, of bases of differential invariants, is also discussed.

For the 1st order case, treated in this paper, the basis of differential invariants gives us a criterion for an immersion to be affine. In the Riemannian case, a relation with the second fundamental forms appear.

As an application, we also discuss the meaning of the differential invariants of immersions for the theory of natural Lagrange structures. In particular, the result of the factorization gives us a description of all first order natural Lagrangians depending on immersion of manifolds with metric fields.

2. Preliminaries

In this section we recall two basic theorems on orbit spaces which we apply in the orbit reduction method for computing the differential invariants. The proof of the first one can be found e.g. in [1], the proof of the second is immediate (see [5]).

Theorem 1. Let Q be a connected left G-manifold, π : Q → Q/G the quotient projection. The following two conditions are equivalent:

1. There exists a smooth structure on Q/G such that π is a submersion. 2. The set Z = {(p, q) ∈ Q × Q|π(p) = π(q)} is a closed submanifold of Q × Q.

If these two equivalent conditions are satisfied, then the smooth structure on Q/G is unique. The set Q/G endowed with this smooth structure is the orbit manifold.

Let p : G → H be a surjective Lie group homomorphism with kernel K, Q be a left G-manifold, P^′ be a left H-manifold and π : Q → P^′ be a p-equivariant surjective submersion, i.e. π(gq) = p(g)π(q) for all q ∈ Q, g ∈ G. Having p, we can consider every left H-manifold P as a left G-manifold by gy = p(g)y g ∈ G, y ∈ P .

Theorem 2. If each π^{−1}(x), x ∈ P^′ is a K-orbit in Q, then there is a bijection between the G-equivariant maps χ : Q → P and the H-equivariant maps χ_0 : P^′ → P given by χ = χ_0 ∘ π.

3. 1st order differential invariants

We now compute the differential invariants on Q^1 with values in left (L^1_n × L^1_m)- manifold. If q ∈ Q^1 and (A, C) ∈ L^2_n × L^2_m, we denote q = (A^{−1}, C^{−1}) · q. Let h_{ij} , g_{σν} , h_{ij,k}, g_{σν,η} , f^σ_k , f^σ_{ij} , where 1 ≤ i ≤ j ≤ n, 1 ≤ k ≤ n, 1 ≤ σ ≤ ν ≤ m, 1 ≤ η ≤ m, be the canonical coordinates on Q^1, and let (a^i_j , a^i_{jk} ) (resp. (c^σ_ν , c^σ_{νη} )) be the canonical coordinates on L^2_n (resp. L^2_m). Let A^{−1} = (b^i_j , b^i_{jk}), C^{−1} = (d^σ_ν , d^σ_{νη} ). If we denote h_{ij} (q) = h_{ij} , g_{σν} (q) = g_{σν} , h_{ij,k}(q) = h_{ij,k} , g_{σν,η} (q) = g_{σν,η} , f^σ_k (q) = f^σ_k , f^σ_{ij} (q) = f^σ_{ij} , we get for the action of L^2_n × L^2_m on Q^1 the expressions

h_{ij} = a^a_i a^b_j h_{ab}, g_{σν} = c^α_σ c^β_ν g_{αβ}, f^σ_k = d^σ_αa^a_kf^α_a , h_{ij,k} = (a^a_{ik}a^b_j + a^a_i a^b_{jk} )h_{ab} + a^a_i a^b_j a^c_kh_{ab,c}, g_{σν,η} = (c^α_{ση} c^β_ν + c^α_σ c^β_{ην} )g_{αβ} + c^α_σ c^β_ν c^γ_η g_{αβ,γ}, f^σ_{ij} = d^σ_{νκ}a^k_i a^l_j f^ν_k f^κ_l + d^σ_ν a^k_{ij} f^ν_k + d^σ_ν a^k_i a^l_j f^ν_{kl}.

We introduce a new global chart on Q^1 adapted to this action, with coordinates (h_{ij} , g_{σν} , f^σ_i , Γ^i_{jk} , Δ^σ_{νη}, K^σ_{jk}), with the help of the transformation equations

Γ^i_{jk} = 1 2 h^{iq} (h_{qj,k} + h_{qk,j} − h_{jk,q} ), Δ^σ_{νη} = 1 2 g^{σα}(g_{αν,η} + g_{αη,ν} − g_{νη,α}), K^σ_{jk} = Γ^i_{jk} f^σ_i − Δ^σ_{νη}f^ν_j f^η_k − f^σ_{jk}.

h_{ij,k} = h_{qi}Γ^q_{jk} + h_{qj} Γ^q_{ik}, g_{σν,η} = g_{ασ} Δ^α_{νη} + g_{αν} Δ^α_{ση} , f^σ_{jk} = Γ^i_{jk} f^σ_i − Δ^σ_{νη} f^ν_j f^η_k − K^σ_{jk}.

The coordinates Γ^i_{jk} ,Δ^σ_{νη} , K^σ_{jk} are symmetric in the subscripts. We put h^{ij} h_{jk} = δ^i_k, g^{σν} g_{νη} = δ^σ_η . The action of the group L^2_n × L^2_m on Q^1 is expressed as follows:

Γ^i_{jk} = b^i_aa^b_j a^c_kΓ^a_{bc} + b^i_la^l_{jk}, Δ^σ_{νη} = d^σ_αc^β_ν c^γ_η Δ^α_{βγ} + d^σ_αc^α_{νη} , K^σ_{jk} = d^σ_αa^p_j a^l_kK^α_{pl}. The action of K^{2,1}_n × K^{2,1}_m on Q^1 is expressed by h_{ij} = h_{ij} , g_{σν} = g_{σν} , f^σ_i = f^σ_i ,

Γ^i_{jk} = Γ^i_{jk} + a^i_{jk}, Δ^σ_{νη} = Δ^σ_{νη} + c^σ_{νη} , (1) K^σ_{jk} = K^σ_{jk}. With the help of expressions (1) we can describe the quotient space Q^1/(K^{2,1}_n × K^{2,1}_m ). The following theorem is the direct consequence of Theorem 1.

Theorem 3. The set Q^1/(K^{2,1}_n ×K^{2,1}_m ) has the orbit manifold structure. In the global coordinates (h_{ij} , g_{σν} , f^σ_i , Γ^i_{jk}, Δ^σ_{νη} , K^σ_{jk}) on Q^1 and the global coordinates (h_{ij} , g_{σν} , f^σ_i , K^σ_{jk}) on Q^1/(K^{2,1}_n × K^{2,1}_m ), the quotient projection π is expressed by (h_{ij} , g_{σν} , f^σ_i , Γ^i_{jk} , Δ^σ_{νη}, K^σ_{jk} ) → (h_{ij} , g_{σν} , f^σ_i , K^σ_{jk}). . To study the structure of the orbit manifold Q^1/(K^{2,1}_n × K^{2,1}_m ), consider the manifold Q_0 = MetR^n × MetR^m × reg (R^{n∗} ⊗ R^m) × (R^{n∗} ⊙ R^{n∗} ⊗ R^m) with the tensor action of the group L^1_n × L^1_m. The set Q^1/(K^{2,1}_n × K^{2,1}_m ) is endowed with the structure of a left (L^1_n × L^1_m)-manifold given by (L^1_n × L^1_m) × Q^1/(K^{2,1}_n × K^{2,1}_m ) ∋ ((j^1_0 α, J^1_0 γ), [q]_K ) → → [(i^{1,2}_n (j^1_0 α), i^{1,2}_m (j^1_0 γ)) · q]_K ∈ Q^1/(K^{2,1}_n × K^{2,1}_m ), where i^{1,2}_n : L^1_n → L^2_n is canonical inclusion. The following assertion is an immediate consequence of the existence of global coordinates on both Q^1/(K^{2,1}_n × K^{2,1}_m ) and Q_0.

Theorem 4. The left (L^1_n × L^1_m)-manifold Q^1/(K^{2,1}_n × K^{2,1}_m ) is isomorphic with Q_0.

The following theorem is a consequence of expression (1) and Theorem 2.

Theorem 5. Every differential invariant χ : Q^1 → P has a unique expression in the form χ = χ_0 ∘ π, where χ_0 : Q^1/(K^{2,1}_n × K^{2,1}_m ) → P is (L^1_n × L^1_m)-equivariant mapping.

Corollary. Theorem 5 means that the coordinate functions h_{ij} , g_{σν} , f^σ_i , K^σ_{ij} on Q^1/(K^{2,1}_n × K^{2,1}_m ), form a basis of the first order differential invariants.

4. Geometrical interpretation of adapted coordinates

In this section we consider an injective immersion f : X → Y . Denote by V(X) resp. V(Y ) the modules of smooth vector fields on X resp. Y . Let ∇^h : V(X) × V(X) ∋ (u, v) → ∇^h_uv ∈ V(X) resp. ∇^g : V(Y ) × V(Y ) ∋ (α, β) → ∇^g_αβ ∈ V(Y ) be the covariant derivative on the manifold X resp. Y given by the Levi—Civita con- nection Γ^i_{jk} = (1/2)h^{iq}(h_{qj,k} + h_{qk,j} − h_{jk,q} ) resp. Δ^σ_{νη} = (1/2)g^{σα}(g_{αν,η} + g_{αη,ν} − g_{νη,α}). Recall that any vector field v on X, defines a vector field along f, f_∗v. Choose a point x ∈ X. There exists a neighbourhood V of y = f(x) and a vector field ṽ on V such that ṽ = f_∗v on V ∩ f(X). Consider a vector field ∇^g_ũṽ on V and its restriction to V ∩ f(X). One can easily verify then this construction gives us a well-defined vector field along f.

To every x ∈ X we assign a bilinear mapping K_f (x) : T_xX × T_xX → T_{f (x)}Y such that K_f (x)(u(x), v(x)) = f_∗(∇^h_uv(x)) − (∇^g_ũṽ)(f(x)),

where ũ and ṽ are any extensions of f_∗u and f_∗v on a neighbourhood of f(x). This formula defines a bilinear mapping K_f : V(X) × V(X) → V(Y ) along f.

Let (U, φ), φ = (x^i), resp. (V, ψ), ψ = (y^σ ), be a chart on X resp. Y . Let f(u) ⊂ V . Denote u = u^j ∂/∂x^j , v = v^k∂/∂x^k. We express K_f (x) in components. We have for every x ∈ U

K_f (x)(u(x), v(x)) = K^σ_{jk}(x)u^i(x)v^j (x)( ∂ ∂y^σ )_{f (x)}.

Theorem 6. The components of K_f are

K^σ_{jk} = Γ^i_{jk} f^σ_i − Δ^σ_{νη}f^ν_j f^η_k − f^σ_{jk}.

Remark: The bilinear field K_f along f can also be interpreted within the theory of connections on vector bundles and their pull-back bundles. (See e.g. [5].)

Recall that a mapping f : X → Y is said to be affine if for every geodesic α : (−ε, ε) → X the curve f ∘ α : (−ε, ε) → Y is a geodesic. Using this definition, we get by a direct computation:

Theorem 7. The following conditions are equivalent:

1. K^σ_{jk} = 0.

2. The mapping f is affine.

Remark. In the special case of Riemannian metric g on Y and induced metric h = f^∗g on X, the mapping K_f corresponds to the second fundamental forms (associated with different normal vector fields to f(x)).

5. Natural Lagrangian structures

In this section we show that the basis of the first order differential invariants, given by Theorem 5, can be used for a description of all possible, first order generally covariant Lagrangians depending on immersions of manifolds with metric fields. To this purpose we have to extend the standard theory of natural Lagrange structures (see [9]) to fibrations over pairs of manifolds.

In general, one should consider for a Lagrangian a differential invariant L : Q → R̃, where R̃ is the real line endowed with the action (A, t) → | det A|^{−1} · t of GL_n(R). However, if Q includes a metric field, then the corresponding metric volume element allows us to consider the functions L instead of L, that is, the Lagrange functions instead of odd base forms on underlying jet manifolds. For the categorical aspects of the theory of natural Lagrange structures, and for the theory of odd base forms the reader is refered to [9] and [7]. Thus, for our purposes it is sufficient to recall a simplified version of the definition, which can be used on manifolds with metric fields.

We define a natural Lagrange structure to be a pair (Q, L), where Q is a left L^r_nmanifold, and L : Q → R is an L^r_n-invariant function (i.e., a real-valued differential invariant).

Using this definition, we can paraphrase Theorem 5 as follows:

Theorem 8. Every generally covariant 1st order Lagrange function depending on an immersion f : X → Y and metric fields on X and Y , respectively, is a function of coordinates h_{ij} , g_{σν} , f^σ_i , K^σ_{ij} only.

In particular, for the induced metrics we have the following result:

Corollary. Let f : X → Y be an injective immersion, let g be a Riemannian metric on Y and let h = f^∗g be the induced metric on X. Then every 1st order invariant Lagrange function depends on the metric tensor components, the Jacobian matrix (f^σ_i ), and the second fundamental form components only.

In accordance with the results of the classical theory of invariants (see [2], [13]), every algebraic invariant function on spaces endowed with a tensor action can by constructed by operations of the tensor product, alternation and contraction. The typical example of a zeroth order Lagrange function is the energy density, mentioned in the introduction, and used e.g. in the string theory. An example of the 1st order Lagrange function is given by L_1 = h^{ij} h^{ab}K^σ_{ia}K^ν_{jb}g_{σν} ; this Lagrangian usually serves as the geometric part of a higher order Lagrangian in the string theory (see e.g. [3]).

REFERENCES [1] J. Dieudonné: Éléments d’Analyse, Tome III, Gauthier-Villars, Paris 1974. [2] G. B. Gurevich: Foundation of the Theory of Algebraic Invariants, Groningen 1964. [3] P. Hořava, Topological Rigid String Theory and Two Dimensional QCD, www. arXiv.

org/PDF/hep-th/9507060 [4] J. Jost: Riemannian Geometry and Geometric Analysis, Second Edition, Springer-Verlag, Berlin, 1998.

[5] I. Kolář, P. Michor, J. Slovák: Natural Operations in Differential Geometry, Springer- Verlag, Berlin 1993.

[6] D. Krupka, J. Janyška: Lectures on Differential Invariants, J. E. Purkyně University, Brno 1990.

[7] D. Krupka, J. Musilová: Calculus of Odd Base Forms on Differential Manifold, Folia Fac.

Sci. Nat. UJEP Brunensis, Physica, 24, Brno 1983 [8] D. Krupka: Local Invariants of a Linear Connection, Coll. Math. Soc, János Bolyai, 31.

Differential Geometry, Budapest (Hungary) 1979; North Holland 1982, 349-369. [9] D. Krupka: Natural Lagrangian Structures, Differential geometry Banach center publications, 12, Warsaw 1984 [10] P. Olver: Classical Invariant Theory, Cambridge University, Cambridge 1999. [11] P. Musilová: Differential Invariants of Immersions of Manifolds with Metric Fields, Ph.D.

Thesis, Masaryk University, Brno 2002.

[12] J. Šeděnková: The Second Order Differential Invariants of the Metric Tensor, Diploma thesis, Silesian University, Opava 1999.

[13] H. Weyl: The Classical Groups, Their Invariants and Representations, Princeton University, Princeton 1997.